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Abstract
NDER different conditions, viscous liquids in
a horizontally placed rotating cylinder will
produce different unusual phenomena, such as ap
pearing “cusps” shape at the liquid front and so on.
Based on the 8th problem of the 31th International
Youth Physicists Tournament (IYPT2018), a cylin
der device with variable rotating angular velocity
is constructed. Four different motion modes of liq
uids under different conditions are obtained by us
ing glycerol aqueous solutions. In theory, several
special fluid behaviors are explained on the basis of
previous work. Finally, the parameters of different
liquid behaviors are determined experimentally.
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Introduction

When a small amount of viscous fluid is added
into a horizontal cylinder and the cylinder starts to
rotate around its axis, some peculiar phenomena
with periodic distribution along its axis can be ob
served, and symmetrical vortex queue with peri
odic distribution can also be observed in the fluid.
This phenomenon is similar to the motion mode of
fluid between twolayer cylinders caused by Taylor
instability, which has been well studied [1]. For the
analysis of the motion of viscous liquid in a rotat
ing cylinder placed horizontally, there are only nu
merical simulations based on NavierStokes equa
tion [2] and pure experimental investigations [3].
Based on these foundations, this paper tries to give
an explanation on physical images, which will fill
some gaps.
The paper is divided into several parts. Firstly,
based on the theory of fluid instability, the explana
tion of the cuspsshape periodic distribution at the
liquid front is given, and the qualitative variation
of the length and width of the cusps with the an
gular velocity is given. Then, we set up a rotating
cylinder device and explore the phenomena exper
imentally with glycerol solution, and determine the
parameters for different fluid behavior.
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FIG. 1. Schematic diagram of the cross section of the
rotating cylinder.

2 Model establishment
In this paper, we use the notations as below. The
axial length and inner radius of the cylinder are de
noted by l and R, respectively. The angular ve
locity of rotation is ω . The density of liquid is ρ
and the volume ratio of liquid in the cylinder is ε ,
the dynamic viscosity of liquid is µ . So the kine
matic viscosity of liquid is expressed by ν = µ /ρ .
The surface tension coefficient of liquid is σ . Af
ter that, a cylindrical coordinate system is estab
lished, whose coordinates and definitions of phys
ical quantities on the cross section are shown in
FIG. 1 (cross section schematic diagram). Note
that the z axis is perpendicular to the paper. In the
study, the dynamic viscosity of liquid µ , the vol
ume ratio ε and the angular velocity ω are treated
as independent variables.

3 Experiment
3.1 Experimental setup
The experimental device we used is shown in
FIG. 2. The cylinder is made of transparent acrylic.
An iron shaft is fixed by drilling holes in the cen
ter of the cylinder, and the cylinder is connected to
a variable speed AC motor. After loading a small
amount of 50% glycerol aqueous solution, the sys
tem is adjusted to the level and the rotational speed

FIG. 2. Experimental device.

FIG. 3. Reflective band (left) and tachometer (right)
used in the experiment.

is gradually increased.
To measure the angular velocity of the cylinder,
we use a laser tachometer and a reflective band at
tached on the outer wall of the cylinder, which are
shown in FIG. 3.
To measure the viscosity of Glycerolwater mix
ture, we use fallingball method and Tracker soft
ware, which are shown in FIG. 4.
To avoid the parallax introduced by camera, we
conduct parallax analysis, and use a parameter κ
to reduce this kind of parallax by multiplying κ
with the length read by the camera, which is shown
in FIG. 5. And we calculated the coefficient κ ≈
1.0578.

3.2 Straight-forward phenomena
In the whole process, we can observe the fol
lowing phenomena directly: (1) when the angu
lar velocity is small, the fluid in the cylinder con
centrates at the bottom, and the liquid front is not
obvious, so we call it “Pool” (“P”), as shown in
FIG. 6(a). (2) When the angular velocity increases
gradually, the front of the liquid will become more
obvious, and periodic serrated distribution will ap
pear at the front, as shown in FIG. 6(b).We call this
pattern “Cusps” (“C”). (3) Continue to increase
the angular velocity, the liquid in the cylinder will
show more obvious turbulent phenomena. How

FIG. 4. Fallingball method and Tracker software to
determine viscosity.
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Theory

FIG. 5. Schematic of parallax revision.

ever, there are still some modes in this case, such
as the cusps gradually elongate before the complete
chaotic flow of liquid, showing rings around the
cylinder wall, which we call “Turbulent Ring (R)”
as shown in FIG. 6(c). (4) Finally, as the angu
lar velocity reaches a certain value, the state of the
fluid is stabilized again, where the liquid is almost
horizontally attached to the wall of the cylinder and
rotates with the cylinder. We call this pattern “Uni
form” (“U”), as shown in FIG. 6(d).

3.3 Qualitative analysis
Before formally entering the theoretical analysis
section, we give a theoretical qualitative explana
tion of several phenomena mentioned above logi
cally.
When the angular velocity ω is small, the liq
uid is mainly in response to gravity and can be re
garded as a quasistatic situation, so it gathers in
the lower part of the cylinder. When the angular
velocity is large, the centrifugation of the liquid
caused by inertia is more important than the grav
ity, and thus the liquid tends to distribute evenly
on the cylinder wall. While in the transforma
tion process from the gravitydominated case to the

centrifugationdominated case, the liquid cannot
be regarded as quasistatic situation any more. In
this process, viscosity starts to dominate. With the
increase of angular velocity, the Reynolds num
ber of fluid near the cylinder wall continues to in
crease, leading to a more complex case. It’s a situ
ation that the counterbalance of gravity, viscosity
and centrifugation dominates.
Therefore, we suggest that it is the joint action
between gravity, viscosity and inertia force that
leads to the emergence of the “cusps” and other un
usual phenomena.

4

Theory

4.1

Previous achievements: analysis of cusp width

According to the analysis results of the previ
ous work [2], NavierStokes equation and continu
ity equation can be used in this problem.
⃗∇ ·⃗u = 0

(1)

∂⃗u
∇p
+ v∇2⃗u +⃗g
+ (⃗u · ⃗∇)⃗u = −
∂t
ρ

(2)

We deploy it into cylindrical coordinates and
make approximations by ignoring all the terms
higher than 1st order of ⃗u (after writing it in Taylor
series with respect to cylindrical coordinates), and
then introduce three dimensionless parameters to
reveal the relative strength
q of gravity, viscosity and
ρ gR2
centrifugation: α = Rµω
ρ g , β = α Re, B = σ .
Where Re is the Reynolds’ number, ρ is the den
sity of the liquid, g is the gravitational accelera
tion, and B is also known as Bond’s number. With
perturbation introduced into the main equation and
boundary conditions applied, we can get:
dh
β ∂q
β
=−
+ k2 η03 [hθ θ + G(θ , k)h]
dt
α ∂θ
3

FIG. 6. Four patterns observed in the experiment as the
angular velocity increases gradually. (a) Pool pattern.
(b) Cusps pattern (c) Ring pattern (d) Uniform pattern.
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(3)

where G(θ , k) ≡ B−1 (1 − k2 ) + sin θ , and h is the
thickness of the liquid layer. And k = 2π /λ p is the
wave number of uncertainty wave introduced in the
perturbation, here obviously, λ p is its wavelength
of uncertainty wave.
It’s obvious that the right side of the equal sign
is independent with time t and can be regarded
as a linear operation of h. Through the analy
sis of the real part of the eigenvalue of the lin
ear operator, the most stable corresponding wave
number k of the final pattern can be obtained, and
the cusps width can be obtained. Numerically we
get an expression about the cusps width λ : λ =

Theory

FIG. 7. Detailed phenomena: paired vortex at the end
of the cusps.

l/(24 − 0.38ω ) , which is also proved by our ex
perimental results. The experimental verification
will be described in later.

4.2 Physical mechanism analysis:
calculation of cusps length
Previous studies only introduced instability as
a mathematical treatment method, and then car
ried out mathematical approximation. Although
the phenomenon can be explained to a certain ex
tent in this way, many details are omitted, such as
the vortexes clearly seen at the end of the cusps
(FIG. 7). It is difficult to distinguish the veloc
ity field obtained by numerical solution in previous
studies (See FIG. 5 in Ref. 2 for example). Here,
we propose a possible physical explanation which
is consistent with the real experimental phenom
ena. To accomplish this aim, we make the follow
ing assumptions:
(1) The periodic action of the left and right bottoms
of the cylinder on the liquid is the main reason for
the instability of the fluid.
(2) As a result of the friction between the two sides
of the cylinder, a pair of steady vortex queue is
gradually formed in the liquid, spreading from both
sides to the center part.

FIG. 8. Relative velocity of the vortex changing
periodically along zaxis position.
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(3) Due to the periodic distribution of the velocity
field of the vortex, the front of the liquid presents
periodic distribution.
Such assumptions are reasonable for the follow
ing reasons: (1) in experiment, it is clear that the
cusps mode appears from both sides of the cylin
der and gradually spreads to the center part. (2)
The premise of vortex as the appearance of cusps
is selfconsistent; (3) the model can explain the
paired vortex in observation, which is more effi
cient to reflect real physical image than the numeri
cal model using a large number of approximations.
Based on those assumptions, we build a theoret
ical model. Since the paired vortex are caused by
the friction between the two sides of the cylinder,
it can be assumed that the rotational velocity of the
outer part of the vortex is equal to the linear veloc
ity of the cylinder’s wall. Namely, νvortex = ω R.
The relative velocity of the vortex to the cylinder
wall changes periodically along the zaxis direc
tion between 0 and 2ω R (FIG. 8), which results in
the periodic distribution of the viscous resistance at
different z positions. Next, we make force analy
sis between viscosity and gravity, shown in FIG. 9.
In the tangential direction, viscous resistance force
and the tangential component of gravity keep bal
ance, which is:

ρ g cos ϕ =

4µω
ε 2R

(4)

By which we can work out the angle ϕ between
the horizontal direction and the straight line cross
ing over the liquid edge (the equilibrium point) and
the center of the side wall of the cylinder.

ϕ = arccos

4α 2
ε2

(5)

Therefore, the length of the cusps can be ob
tained as follows.
A = R · arccos

4α 2
ε2

(6)

FIG. 9. Force analysis between viscosity and gravity.
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Experimental results

FIG. 10. Aα correlation: theoretical and experimental
comparison.

This result is consistent with the existing phe
nomena and data in Ref. 3.

5

Experimental results

So far, we have sorted out the mechanism of
“cusps” phenomenon. Next, through experiments,
we verify the theory mentioned above, and then
determine the parameters of “cusps” and several
other fluid behaviors.
We use 50% glycerol solution 80 mL to carry
out the experiments. The length l and the radius
R of the cylinder are 0.3 m and 0.025 m, respec
tively. The volume ratio of the liquid ε is 15%. As
we change the angular velocity, the dimensionless
parameter α changes accordingly. Then we plot
the theoretical curve of the cusps width λ versus
parameter α , and compare the experimental data
points with it, which is shown in FIG. 10. We find
the experimental data agree well with the theoret
ical curve. The cusps width λ is positively corre
lated with α .
Then, we investigate the relationship between
cusps length A and the angular velocity. We also
plot the theoretical curve and attach experimental
data plots on it, shown in FIG. 11. We find that as

FIG. 11. λ ω correlation: theoretical and experimental
comparison.
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FIG. 12. Experimental data of critical angular
velocities (ω ∗ , ω ′ , ω ′′ ) with µ .

angular velocity increases, the cusps length A in
creases. The experimental and theoretical values
are also in good agreement.
However, we could find in our result that the the
oretical curves are slightly lower than experimental
data. Firstly, since the two theoretical curve shows
the trend of A and λ with respect to angular veloc
ity ω , and in our model, A is only related to the
distribution of relative speed between liquid and
cylinder, there might be some extra resistance for
the liquid, so the bottom of cusps will be a little
higher than what we think, and A will be a little
larger than we thought, that will make the mea
surement of width λ be also a little larger than the
curve.
After that, we explore the critical angular veloc
ity through changing the viscosity coefficient of
glycerol solution μ and the volume ratio of glyc
erol solution ε respectively. Three types of the crit
ical angular velocity are obtained, arranging from
small to large: ω ∗ , ω ′ , ω ′′ . ω ∗ represents the criti
cal point of transition from the “Pool” pattern to the
“Cusps” pattern. ω ′ and ω ′′ are similar, which are
the critical angular velocity between the “Cusps”
pattern and “Turbulence” pattern, and the critical

FIG. 13. Experimental data of critical angular
velocities (ω ∗ , ω ′ , ω ′′ ) with ε .

Conclusion
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angular velocity between the “Turbulence” pattern
and “Uniform” pattern. As shown in FIG. 12 and
FIG. 13, it can be seen that with the increase of
viscosity coefficient, ω ′ and ω ′′ show exponen
tial downward trend, while ω ∗ basically does not
change with µ in FIG. 12. From FIG. 13, we can
observe that when the volume ratio of the container
increases, all the three critical angular velocities in
crease. And this result can only be found at a rel
atively low volume ratio and viscosity, or the pat
tern won’t has significant turning points, in which
we are uninterested.

6 Conclusion
In this paper, we investigate the unusual behav
iors of fluid like the “cusps” appearing in a hori
zontally placed rotating cylinder. Based on previ
ous works, we give an explanation on physical im
ages. We attribute the peculiar patterns to the bal
ance between gravity, viscosity and inertia. The
“cusps” is formed by vortex queue, which is be
cause of the disturbance. From experimental and
theoretical analysis, we conclude that the width λ
and the length A of the cusps are all positive cor
related with the angular velocity ω , and the criti
cal angular velocities are all positively correlated
with volume ratio, but negatively correlated with
viscosity coefficient.
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