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Abstract
HIS paper investigates in detail the dynamics
of fluid flow in a Heron’s Fountain through
an energy perspective. The investigation begins
with a differential analysis of Bernoulli’s equa
tion between continuous flows. However, it is re
vealed that corrections due to friction flow are cru
cial: added terms describing major and minor loss
through the DarcyWeisbach head loss equation
and empirical formula of the Darcy friction factor
for minor loss were incorporated into the energy
analysis. Furthermore, the thermodynamic pro
cess of air compression within the Heron’s Foun
tain was analysed, only to reveal that work lost
due to entropy increase due to air compression is
minimal. Finally, experimentations with properly
controlled pipe properties were used to verify the
aforementioned predictions, yielding satisfactory
correlation between the theory and the experiment.
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1

Qualitative
Observations
and Nomenclature

A Heron’s fountain is depicted based on Figure
1. Qualitatively, the physics describing the phe
nomena is relatively simple. The fountain ejects
as liquid flow from tank A to B compresses the air
between B and C, in which compression of air does
work and exerts a downward force on the fluid in
side tank C. However, this model is only functional
under the assumptions that water doesn’t fall back
into system, and that the energy change in system
is limited to gravity, internal pressure, and friction.
Moreover, define LAB as the length of the tube be
tween tank A and tank B, while define the head of
the nozzle as the point where y = 0. Denote the
density of the system as ρ , and the dynamic vis
cosity of the system as µ .
The dynamics of a generic Heron’s Fountain is
described Figure 2. Phase A represents where the
Heron’s Fountain experiences guided flow, where
the liquid medium flows steadily in a pipe prior to
ejection. In Phase B, water ejection starts, reach
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FIG. 1. Variable definition and qualitative observations
of a Heron’s Fountain.

ing the maximum height for the Heron’s Fountain.
Phase C represents the steady ejection of a Heron’s
Fountain, while Phase D demonstrates a sudden
jump. The sudden jump in Phase D stems from the
mixture of liquid with air into lightweight aerosols,
in which the force applied from the pumping of air
in tank A and B naturally creates more acceleration
for the lighter aerosols.

2 Energy Analysis
Heron’s Fountain

in

the

The Heron’s Fountain can naturally be divided
into various stages. Consider systems AB, BC, and
CEjection separately; where the system AB repre
sents a piston powering the Heron’s Fountain. By
the principle of conservation of energy, the poten
tial energy lost for each differential unit of fluid
would be dU1 = ρ gdV1 ∆H1 , while the kinetic en
ergy of the said differential unit of fluid after trav
elling through pipe AB would be dEk1 = 21 md(v21 ).
Note that some of the energy converted from AB
is used to compress the gas in the system BC, de
note the said differential energy as dW . The gas
then does work to the system CEjection, inducing
a differential energy change of a differential unit
of dU2 = ρ gdV1 ∆H2 and dEk2 = 12 ρ d(V v22 ). How
ever, it is important to note that major loss occurs
due to pipe friction itself – denote the energy lost
by pipe AB be Elost,1 and the energy lost by pipe
CEjection be Elost,2 . The energy lost of air when
travelling through pipe BC is neglected.
Assuming that liquid flow is near constant
within one system, it is possible to assume that the
flow rate is constant, hence, Q = A1 v1 = A2 v2 . By
Bernoulli’s Principle, it is possible to establish that
(
dEk1 = dU1 − dEloss,1 − dWgas
(1)
dEk2 = dU2 − dEloss,2 + dWgas
The differential potential energy can very easily
be calculated, being dU = ρ g∆hdV . Consider En
ergy loss in pipe using DarcyWeisbach Law. Note
that fD represents the Darcy Friction Factor, A rep
resents the tube crosssectional area, and r repre

FIG. 2. The Relationship between the Time after
ejection versus Height of water jet

sents the tube radius.
dEloss = Ploss dVtube = fD

ρ Q2
dVtube
4A2 r

(2)

However, note that it is important to consider the
turbulence of the fluid flow. For Laminar flow
(Re < 2000), the Friction factor is relatively sim
ple, with fD = 64/Re. For turbulent flow, the Fric
tion factor can only be approximated through a
Moody diagram. From a linear approximation, it
is safe to approximate that [1], for 2 × 103 < Re <
104 ,
0.02(3.3010 − log Re)
fD = −
(3)
0.690
Therefore, due to the difference of properties of
laminar and turbulent flow, there are two different
versions of DarcyWeisbach Law [2].
(
dEloss,laminar = ( 8πµRL4 Q)dVtube
2

Re) 8Q
dEloss,turbulent = − 0.02(3.3010−log
dVtube
0.690
π 2 g(2R)5
(4)
Along with major loss from the friction of the
pipe, it is also crucial to consider the minor loss
on a pipe due to the nonideal pipe structure, such
as a twisted pipe or the changing crosssectional
radius from a tube to a pipe. Note that minor loss
is equivalent to increase in total pipe length.

Lequiv v2
KL v2
= fD
2g
2r 2g

(5)

Thus yielding,
Lequiv =

2r
KL
f

(6)

Note that KL dependent on the geometry of the
pipes, and can be searched up for through a stan
dard table of values. In order to account for the
effects of minor loss, substitute new length into
the equations for major head loss, thus Lnew =
L + Lequiv .
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FIG. 3. Differential kinetic energy of a differential unit
of liquid moving from Tank A to Tank B.

Now, since dU and dEloss are all considered
above, consider the effects of gas compression in
Area BC. Note that in reality, the compression of
air in between Tank A and Tank B would have an
expansion factor of
1<γ ≪

CP,air
CV,air

(7)

Therefore, it is evident that Wgas = PdV and V (t +
∆t) = V (t) + Q∆t based on the Ideal Gas Law and
the consistency of flow rate. Therefore, the time
evolution of the pressure of air in the system would
be
 γ
V1
P2 = P1
(8)
V2
It is assumed that entropy increases in a sponta
neous thermodynamic process, in which
 
 
Vf
Tf
nR
dS = nR ln
+
ln
(9)
Vi
γ −1
Ti
Note that in the case of the Heron’s Fountain,

  
Tf
nRT
nRT
dWlost = T dS =
−
ln
γreal − 1 γad − 1
Ti
(10)

FIG. 5. Heron’s Fountain with constant flow between
AB and BC.

Since there are no significant changes in temper
ature, the effects of lost work due to the increase
entropy is negligible thus it is safe to assume that
air can be approximated as an ideal medium for
energy transfer. Now, consider the differential ki
netic energy of the system. Note that for the system
AB, it is possible to establish that
1
dEk1 = md(v21 ) = mvcm1 dvcm1
2
= ρ Vtube (dxcm1 )(acm1 )

(11)

From Figure 3, assume that dV1 is a rigid body
within the entire Heron’s system, in which its dis
placement would cause a shift of center of mass of
(hB − hA )dV
(12)
V
Thus, it is possible to solve for the acceleration of
the system, in which a full equation of motion can
be yielded for each iteration. As evidenced above,
since the equations are largely iterative, it is nec
essary to consider the entire trajectory iteratively
with the assistance of Python. Now, consider the
change of kinetic energy in the system CEjection.
dxcm1 =

1
dEk2 = ρ d(V ′ v2cm2 )
2
1
= ρ (−dV ′ v2cm2 + 2V ′ vcm2 dvcm2 )
2
(13)
1
dvcm2
= ρ (−dV ′ v2cm2 + 2V ′ xcm2
)
2
dt


(h − hc )dV ′
′ 2 ρ
= −dV vcm2 + acm2
2
V′
In the case of the above equation, denote dacm as
the infinitesimal change of acceleration, and V ′ as
the remaining bulk in the system.
Note that the end goal of all above calculations
is to find vcm2 (t), so that it is possible to calculate
the maximum ejection height

FIG. 4. Differential kinetic energy of a differential unit
of liquid moving from Tank C to ejection.

2018 Problem 4: Heron’s Fountain

Hmax =

v2
sin2 θ
2g
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FIG. 6. Experimental setup of the Heron’s Fountain,
along with areas of minor loss.

FIG. 7. Theoretical and experimental graph of distance
between Tank A and Tank B versus Ejected Height.

Where θ is the angle between nozzle and normal.
Note that it is crucial experimentally to ensure that
θ is not 0, in order to isolate the causes of an ob
served oscillation of liquid, as seen in Figure 2.
The ideal next step for the investigation on the
Heron’s Fountain is to create a computer simula
tion based on the above formulas. Note that the
only parameters required for the simulation would
be the dimensions of the tank, the initial water lev
els, and the coefficients of minor loss (KL ) due
to the bending of a Heron’s Fountain. However,
a simplified version of the simulation is possible
when the flow rate between AB and BC is nearly
constant. In that case, one can consider all tanks to
gether. With that, it is possible to combine the two
differential Bernoulli’s Equation into one through
the assumption of dV as a rigid body moving that
changes the centre of mass of the system. Defining
∆H = h − hA + hB − hC yields, if V = V ′

Which yields an Ideal Flow Equation of the
Heron’s Fountain:


1 2
8µ L
dvcm
=
v −
v−g
(19)
dt
2∆H
R2 ρ ∆H

dxcm = dxcm2 − dxcm1
(h − hC )dV ′ (hB − hA )dV
−
V′
V
dV
= ∆H ′
V

=

(15)

Therefore,
dxcm
∆H dV
Q∆H
= vcm =
=
′
dt
dt V
V′

(16)

Note that based on Figure 2, the maximum ejection
height for continuous flow occurs during the tran
sition between Phase B and Phase C, in which the
flow rate between AB and BC is near constant as
entropy have not increased significantly yet. The
Ideal Flow Equation can give the maximum ejec
tion of the Heron’s Fountain.

3

Experimental Verification

Consider Figure 6 for the detailed experimental
setup of the Heron’s Fountain. Consider the fol
lowing data tables comparing the theoretical val
ues of the height of the Heron’s Fountain versus
the experimental heights.
Based on Figure 7, the Heron’s Fountain repre
sents a “tug of war” between the gravitational en
ergy and the head loss, on the placement of tank
A with respect to tank B. As indicated by the dia
gram, when hA − hB ≥ 36 centimeters, the effects
of head loss becomes more significant than that of
gravity. The experiment indicates that the height

Combining the two differential Bernoulli’s Princi
ple, note that
dE1 + dE2 = dU1 + dU2 − dEloss1 − dEloss2 (17)
Substituting the previously derived terms, yields


(hB − hA )dV
ρ
ρ Rtube
acm1 − v2cm2 dV ′
V
2


(h − hC )dV ′
acm2 = ρ g(h − hA
+
V′
8µ L
QdV
+ hB − hC )dV −
π R4

(18)
FIG. 8. Theoretical and experimental graph of distance
between Tank B and Tank C versus Ejected Height.
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FIG. 9. Theoretical and experimental graph of fluid
viscosity versus Ejected Height.

peak is located where the AB is neither too long or
too short.
The experiment indicated in Figure 8 is con
trolled such that HA − HB = 30. Note that the foun
tain behaves differently based on relative height of
A and nozzle, even including a cusp at 27 centime
ters. Unfortunately, the validity of the cusp on the
27 centimeter mark is not verified. The experiment
indicates that ejection is possible even if h < hA ,
albeit the possible range would be very small
Figure 9 indicates that as the fluid viscosity in
crease, the Eloss due to major loss increase, which
then causes the velocity of ejection to decrease.
However, there is a not small derivation observed
on the figure above. It is hypothesized that the de
viation is due to the oscillation of laminar and tur
bulent flow for highly viscous material.
It is useful to perform a sample calculation of
the Reynolds’ Number  The change in height of
the water would be −0.44 centimetre per second
during the steady flow period only. For a pipe
with R = 0.4 centimetre, the velocity would be
50.17 centimetre per second. Thus, the Reynold’s
number here is 10100, designating it as a turbu
lent flow. However, the effect of turbulent flow
only occur after the initial ejection, thus designat
ing Figure 7 and 8 to be valid. However, as the ef
fects of energy damping increase for higher viscos
ity, the effects of turbulence is higher, thus demon
strating the disparity in Figure 9. As seen in Fig
ure 10, when the pipe diameter is higher, the height
of water jet is higher, because as pipe diameter is
higher, the flow rate is higher, and the head loss
is lower. However, one interesting effect occurs
when the inner diameter is very small – that is
when surface tension may inhibit the flow of liq
uid. Pressure decrease due to surface tension for
an inner diameter of 0.42 centimeter is calculated
to be

π l 2γ
2 × 73mN
=
=
= 292Pa
A
R
0.225mm
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FIG. 10. Theoretical and experimental graph of Inner
Diameter versus Ejected Height with corrections from
surface tension.

which corresponds to a height drop of
292Pa
997 mkg3

× 9.81 sm2

≈ 2.92cm

(21)

The corrected surface tension is indicated on the
figure as a triangle, which also follows the trend
predicted by the theoretical model.

4

Conclusion

The investigation on the Heron’s Fountain
proves to be very fruitful. Regarding the working
principle of the Heron’s Fountain, the equation of
motion follows the principle of energy conserva
tion, with major and minor loss being key factors
of energy dissipation. This hypothesis is verified
through the simulation based on energy conserva
tion that is experimentally verified. Moreover, it is
proposed that under constant flow, the equation of
motion collapses into
dvcm
1 2
8µ L
=
v − 2
v−g
dt
2∆H
R ρ ∆H
The above equation is again experimentally veri
fied in Section 3. The futurxe works associated to
this problem would be to establish a working sim
ulation through Python that removes the constant
flow restriction placed on the above equation of
motion. Doing so will allow a full investigation
on the entire dynamics of the Heron’s Fountain.
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