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Abstract
HIS paper conducts a detailed investigation
into the formation of conical piles from non
adhesive granular materials, tracing the process
from the development of the initial plate to the ta
pering of the pile’s end region. Phenomenological
observations of the former are understood through
the energy content of the granular particles; the
relation of the annular wall’s outer radius to the
nozzle height given by this approach is empiri
cally confirmed. Next, the BakTangWiesenfield
(BTW) Abelian Sandpile Growth model is evalu
ated and refined through considerations for elas
ticity rising from the packing patterns of granu
lar particles. The derived, timeindependent recur
sive model for the growth of the main pile is sub
sequently verified through crossreferenced values
for Young’s Modulus. Additional corrections are
made for the dipping pattern caused by stress from
the falling particles to resolve experimental dis
crepancies. Finally, the aforementioned tapering
at the end regions are theoretically modelled with
a stochastic probability distribution based on the
continued fall of sand particles.
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Nomenclature and Preliminary Experimental Setup

Prior to the actual investigation on the conical
pile, there are several terms that should be defined.
The rest angle is defined as the angle of the slope
of the sand pile, as
 
dy
θrest = arctan
(1)
dx
Qualitatively, the rest angle is the slope of the static
sandpile, hence the angle at which the sand par
ticle will remain stationary. On the contrary, the
angle of repose is defined as the maximum an
gle such that the sand particle will remain in the
pile. While the rest angle may be different for
all sandpiles, the angle of repose will be constant
given certain parameters of discussion in Section 4.
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FIG. 3. The formation of the bottom of the conical pile.
FIG. 1. Experimental Apparatus to test the angle of
repose of a granular system.

Therefore, based on the principle of static equilib
ria, N = mg sin θ and µ N = mg cos θ . Therefore,
µ ≈ tan θ . Since the sand particle would not be
moving if it is on the angle of repose, θ = θ̃ and
µ = µs .
θ̃ ≈ arctan µs
(2)
It is possible to experimentally test the angle
of repose of a sand pile through the apparatus
demonstrated in Figure 1. The apparatus contains
sand particles fixed by double sided adhesive tape
to simulate the maximum static coefficient, µs of
sand. As extra sand is applied on the board, if the
board is angled greater than the angle of repose,
then by the definition of the angle of repose, the
sand particles would naturally slide downwards.
The pipe contains a release mechanism that re
leases sand by a slit to ensure consistency in the
experiment.
The angle of repose of the controlled sand is
measured to be 35.11◦ from the ground. The ex
perimental apparatus based on Figure 2 is used to
accurately measure the shape of a sandpile and its
time evolution is shown in Figure 2. The typical
sand used in the investigation is quartz sand re
trieved from a beach with an approximate Young’s
modulus of 55 MPa and granular size of 1.5 mm.
From the apparatus, it is possible to measure the

FIG. 2. Experimental apparatus of measuring the shape
of the conical pile.

shape of a sand pile. In the preliminary stage of
the investigation, three experiments with sandpiles
of controlled amount of the control sand released
from the same height were performed. While the
three experiments does suggest similar dynamics,
there are often minor variations on the top of the
sandpile, demonstrating that sandpile formation is
itself a stochastic process.

2

The Formation of the Initial
Plate of a Sandpile

As sand particles are falling from the apparatus,
sand bounced away from center created an annular
wall and evolved into a plateau, as seen in Figure 3.
Consider the graph of the inner radius, as defined
in Figure 3, versus time. The incline in the inner
radius of the conical pile implies that each individ
ual sand particle is flying, sliding, and rolling. The
peak of Figure 4 is observed as an aannular wall
appears in the front, as the outer radius of the pile
is fixed. The negative slope after the peak in Fig
ure 4 demonstrate the conservation of momentum
as sand particles collides and bounces back from
the annular wall formed. The formation of the an
nular wall is again empirically verified in Figure

FIG. 4. Inner radius of the conical pile during
formation versus time for two different initial heights.
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The Growth of the Sandpile after the formation of the Initial Plate

FIG. 5. Outer radius of the conical pile during
formation versus time for two different initial heights.

FIG. 7. The Growth of a 200 g conical pile, dropped
from 10 centimeters above.

3
5.
As previously mentioned, the mechanism of ini
tial pile formation is due to the conversion of po
tential and kinetic energy as sand particles drop
from the nozzle. As the potential energy, due to
the height of the funnel, increases, the nozzle outer
radius increases. Therefore, the outer radius term
would be proportional to the sum of various energy
terms,
s
Rout = α (2h sin 2θ ) +

α 2 mgh
+C
µ

(3)

The Growth of the Sandpile
after the formation of the
Initial Plate

The formation of the mother pile should be in
accordance to the theory predicted by the Bak
TangWiesenfield Abelian Sandpile Growth model
(BTW) [1]. The Abelian sandpile model predicted
that even when the conditions are exactly satisfied
without scaling for probability, the angle of repose
does not equal to the rest angle, or the angle the
conical pile makes with the ground away from the
end section. The model follows three simple rules:


z0 − z1 > CN
z0 = z0 − 1


z1 = z1 + 1

(4)

Note that the theory curve does not cross the y
axis: the valid region only range from the intersec
tion between the Rout curve and the line Rout = H,
up until the point where the sand particles will
reach terminal velocity. Note that α corresponds
to the coefficient of restitution of sand particles
to the ground, and µ is the coefficient of kinetic
friction, and θ corresponds to the average restitu
tion angle, which would, in most case, be near 0◦ .
Note that while the coefficients mentioned above
are experimentally difficult to yield, the theoreti
cal graph matches very well with the experimental
graph proposed in Figure 6.

This model works as it simulates the definition of
the angle of repose – it is the maximum angle in
which sand will remain still on a conical pile. The
critical value of this model corresponds to the an
gle of repose – in which the stillness gets disrupted,
causing the sand particle on the top layer collapse
into the bottom layer, which then continues to col
lapse until no angle goes higher than the angle of
repose. The avalanche is caused by the instability
of the pile after the stacking of the sand particles

FIG. 6. The outer radius of the conical pile during
formation versus the height of the nozzle.

FIG. 8. Height of the conical pile for different nozzle
radius (cm) versus time (sec) after release.
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FIG. 9. Free body diagram on two discrete layers on a
sand pile.

exceed the critical value (or the angle of repose).
There is empirical implication that serves as evi
dence for the validity of the BTW model from Fig
ure 7. The radius of a conical pile grows near lin
early until it reaches outer radius. Moreover, as
more sand particles accumulate such that tan θ >
µs sand particles rolls off the pile to the floor,
adding radius, simulating the modification of z0
and z1 in the BTW model. It is possible to em
pirically predict the height of a conical pile. Note
the contrast between Figure 7 and 8, that while
avalanches are widely seen in Figure 7 (horizon
tal), but the height is not significantly affected by
the avalanches, as seen in Figure 8. This is again,
due to having only the outermost layer of the con
ical pile involved in actual avalanches, while the
inner layers generally are more stable. The height
of the Conical Pile can be predicted as
1
V = π r2 h
3
=⇒ h =

1
CN

r
3

3Qt
1
=
π CN CN

r
3

3V
π CN

Investigation on the shape
of a Sandpile through the
Elastic Modulus

Consider the forces interacting between two
kinks and the floor. Let θ be the angle of repose,
which is the angle of the normal force for all piles.
There are internal forces in the pile [2]. The forces
present are demonstrated in Figure 9. The condi
tion for static equilibrium occurs when there’s no
net force, thus, solving for the normal force on a
kink yields
(
N1 =
N2 =

mgµ2
(µ2 −µ1 ) cos θ +(µ1 µ2 +1) sin θ
mg(µ2 cos θ̃ −µ2 cos θ̃ +sin θ̃ )
(µ2 −µ1 ) cos θ +(µ1 µ2 +1) sin θ

∆m = ρ ∆V = ρ ∆x∆y∆z = ρ r∆r∆θ ∆z
1
= ρ (l f − li )(li )(2π )(hi )
2

(8)

Where the 1/2 comes from the fact that the kink
takes the shape like that of a triangle. Thus, the
system converts into [3]
(
N1 =
N2 =

2πρ gµ2
(µ2 −µ1 ) cos θ +(µ1 µ2 +1) sin θ (l f − li )(li hi )
2πρ g(µ2 cos θ̃ −µ1 cos θ̃ +sin θ̃ )
(µ2 −µ1 ) cos θ +(µ1 µ2 +1) sin θ (l f − li )(li hi )

(9)
The surface area is the volume without the “thick
ness”. Thus,
Adl =

∂V
= (l f − li )(2π )(hi )dli
∂ li

∂V
Adh =
=
∂ hi

i

(10)

!

∑ ln

(2π )(di )dhi

(11)

n=0

Note that the differential total surface area is

(6)
dV =

However, there remain a crucial erroneous as
sumption made by the BTW model  the BTW
Model assumes that all sand particles are equally
spaced in a sand pile. However, in reality, the
sand particles will organise themselves into more
densely packed piling pattern when an exterior
force is applied on the pile, similar to the mechan
ics of elastic objects [2]. Note that it is at this
point where the research will transform from phe
nomenological observations into quantitative anal
ysis.

(7)

The mass of the kink can be represented by the
product of density and volume. Thus, using a Ja
cobian matrix,

(5)

In the equation above, CN is the critical number
stemming from the angle of repose, which is equiv
alent to the critical number employed in the BTW
model:
CN = tan θ̃
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∂V
∂V
∂V
dθ +
dl +
dz
∂l
∂θ
∂z

(12)

Thus, when there’s no change in one variable, the
other variables can be completely neglected. From
the freebody diagram, realize that the friction gen
erated by the normal force of the (i + 1)th kink is
compressing the ith kink. Thus, by the relationship
of stress and strain, in which the product of modu
lus and stress equals to strain,
E

Z li
dln
li+1

ln

= −µ N2

1
A

(13)
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FIG. 10. Two different sandpile with different Young’s
Modulus.

FIG. 11. Two different sandpile with different ground
friction.

Thus, yields a relationship
li+1
πρ gµ2
=−
li
li
(µ2 − µ1 ) cos θ + (µ1 µ2 + 1) sin θ
(14)
Similarly, from the freebody diagram, realize
that the frictional force of the (i + 1)th kink is
stretching the ith kink. Thus, by the relationship
of stress and strain,
E ln

Z hn+1
dhn

1
hn+1
= µ N1 E ln
hn
A
hn
µ2 cos θ̃ − µ1 cos θ̃ + sin θ̃
=
(hn+1 )
(µ2 − µ1 ) cos θ + (µ1 µ2 + 1) sin θ
(15)
In summary, the system of solution yields



ρ gµ2 sin θ̃
li+1 = li exp −
l
i
 E[(µ2 −µ1 ) cos θ̃ +(µ1 µ2 +1) sin θ̃ ]

hi = hi+1 exp − ρ g(µ2 cos θ̃ −µ1 cos θ̃ +sin θ̃ ) hi+1
E[(µ2 −µ1 ) cos θ̃ +(µ1 µ2 +1) sin θ̃ ]
(16)
Let l(i) and h(i) be functions of the given recur
sion. The sand pile will have a curve following the
shape of (x, y) = (l f − l(i), h(i)). Thus, the area of
the sand pile would be
E

hn

A = ∑ hi (ii − li+1 )

(17)

i

In terms of general assumptions, the computer
generation of x should be negated, as in following
the previous redefinition of x in terms of l. More
over, the generation of y should be inverted, since
the h is almost a reverse recursive relation. We can
simply let our initial term, h0 , be the term that we
are seeking for, and let the first term that we eval
uate be the smallest height that is possible to exist
in a sand pile, being one particle of sand itself. I
now hypothesize that the formation of y would be
an invariant – the initial height would always be the
same, and solely depends on when the minimum is
reached by the x.
Equation 16, being of the shape of a conical pile,
can easily be verified experimentally. As the equa
tion proposed is not time dependent, the experi
mental result is only measured when all of the sand
particles drop onto the conical pile.
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The experiment demonstrated by Figure 10 and
11 is analyzing the curve formed by different ma
terials and floor friction. Due to the poor technique
of experimental performance, the precision of the
received Young’s Modulus (E) is approximately 2
kPa, with cross referencing from outside sources
[4]. The Young’s Modulus yielded in this experi
ment is both experimentally yielded and verified
through literature. Experimentally, the Young’s
Modulus is yielded by placing a collection of sand
particles in a large cylinder, then placing a large
mass on top of the cylinder. The elastic modulus
is yielded by the ratio of the measured strain versus
the measured strain.
The solid line on Figure 10 and 11 represent
the theoretical prediction, with the fitted equation
marked in the figure. The experimental points
are represented as points on the graph. Since the
theoretical and experimental values clearly match,
it can be concluded that the theoretical deriva
tion proves accurate. It is observed that when the
Young’s Modulus (from packing) is higher, the
curvature of the sand pile is higher. This occurs
because when the modulus is higher, the sand lay
ers themselves are packed more stiff, thus is harder
to deform. Moreover, the radius of the sand pile
with lower friction is higher, as it requires more
energy for individual sand particle to overcome
higher friction of the floor, thus less kinetic energy
is available for individual sand particles to over
come the lost energy due to friction.
However, there exists a discrepancy between the
theoretical and experimental data during the initial
region (when horizontal direction is small) due to
the effects of dipping, in which the change of mo
mentum from the falling sand adds an extra force
on the top of the pile. As the theory predicts that
the sand pile is a solid with an elastic modulus, it is
possible to establish an equation creating the link
between the displaced height versus the stress due

Conclusion
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FIG. 13. Stochastic Model on the End Pile Correction.
FIG. 12. Rough sand dropped from 52 cm at 0.45 coeff.
of friction, Repeated.

to the falling n =

r2
2
rsand

h0
∆h =
AE

sand particles.
2
rnozzle
2
rsand

would be 1 − p, as represented with a schematic
diagram in Figure 13. [5]
From the analysis above, the height of the pile
at x should follow the equation

!
msand gt
∆t

The volume of the pile should not change if a
pressure dip is created. Therefore, using the above
recursion, it is possible to rewrite the conservation
of volume into the Equation 19.
"
#
2 ∑ hi (li − li+1 ) = 2 h0 ∆l + ∑ (li − li+1 )hi
i

y=

(18)

B
(1 − p)(px )
A

(21)

Where B is proportional to the size of end por
tion, and A is the normalization constant. From
Figure 14, which itself is a zoom into the experi
ment from Figure 9 at the end region, demonstrates
a correlation between the end pile and the proba
bilistic model, albeit that further adjustments may
be required.

i+1

∆h∆l
−2
2

6

Conclusion

(19)
Thus proposing a net equation considering the ef
fects of avalanching.



2
∆h = h0 rnozzle msand gt
2
AE
∆t
rsand
(20)

2h0 (l0 −lk )
∆l = 2h0 −∆h
By repeating Figure 9 again, but zoomed onto
the initial region (Figure 12), one can make an ap
proximation on the size pressure dipping. The tri
angle created by the dashed line represents the area
affected by the pressure dip, and the horizontal leg
of the pressure dip triangle is the approximated
new height of vertical length of the sand pile within
the region of the sand pile.

5

In terms on the formation of sand pile, the in
ner radius expand with outer radius (incline), while
declines by filling the annular wall formed by the
boundary of the outer radius. The outer radius can
be approximated as
s
α 2 mgh
Rout = α (2h sin 2θ ) +
+C
(22)
µ
In which the α and C constants may be fitted for
different empirical settings.
The formation of the conical pile is also in ac
cordance to the BTW Abelian Sandpile Model, in

Correction of the sandpile
model in the end section

Define ending part of the conical pile as the area
where θ < θ̃ /2. Since the gravitational potential at
the end section would be relatively similar, since
they are relatively distributed on similar height –
the probability that one sand particle would fall
from one layer to another would be p, hence the
probability that a particle would stay on a layer

FIG. 14. Experiment from Figure 9 zoomed to
investigate the fitting of ending part of the conical pile
based on probablistic model.
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Conclusion

which there will then be growths of the inner radius
due to avalanches. Due to the effects of packing
and static equilibria, the sandpile will demonstrate
different shapes in the initial dipping, middle, and
the end pile regions. The middle region carries the
shape described by the recursion



ρ gµ2 sin θ̃
li+1 = li exp −
l
i
 E[(µ2 −µ1 ) cos θ̃ +(µ1 µ2 +1) sin θ̃ ]

hi = hi+1 exp − ρ g(µ2 cos θ̃ −µ1 cos θ̃ +sin θ̃ ) hi+1
E[(µ2 −µ1 ) cos θ̃ +(µ1 µ2 +1) sin θ̃ ]
(23)
The initial dipping region, as caused by the forces
of the falling sand, will carry the shape of the tri
angle



2
∆h = h0 rnozzle msand gt
2
AE
∆t
rsand
(24)

2h0 (l0 −lk )
∆l = 2h0 −∆h
And the end pile region demonstrates that of a
stochastic probability distribution,
y=

B
(1 − p)(px )
A

(25)
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