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Heron’s fountain is a device that dates to the
1st century. It makes use of pressure dif
ferences due to water columns to generate a tem
porary water jet. In the following work, both a
theoretical and experimental analysis of this de
vice is presented, along with an extensive com
parison between the two. In the theoretical anal
ysis, the DarcyWeisbach equation was used in or
der to account for frictional pressure losses. The
friction coefficient can be adjusted so that the the
ory presented accounts for both laminar and turbu
lent flow. Minor losses due to pipe connections
were also accounted for by modeling such pres
sure drops using tabled, experimentally obtained
minor loss coefficients. In the experimental anal
ysis, the height of the water jet as a function of
time was measured for various sets of relevant pa
rameters. The parameters varied were the relative
position between the reservoirs, the pipe diameter
and the fluid’s density and viscosity. In the com
parison between theory and experiments, a good
agreement was observed, however, the experimen
tal points had a lot of dispersion due to the forma
tion of instabilities in the tip of the water jet. This
dispersion was seen to decrease as the viscous ef
fects become more relevant when compared to the
inertial ones. We found that the height of the water
jet increases as the diameter and height difference
between reservoirs increases, but decreases as the
viscosity increases.

1

Introduction

A Heron’s fountain is a system constituted by
3 reservoirs which, by means of pressure differ
ences, creates a water jet for a limited amount of
time. To better understand the development to
come, we will denote the 3 reservoirs as “reser
voir A”, “reservoir B” and “reservoir C”, and the
2 pipes as “pipe 1” and “pipe 2”, as shown in the
figure 1.
In the initial state, reservoir B is filled with air
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trouble, the analytical expression:
f=

64
Re

(2)

Where Re denotes the Reynolds number.
For turbulent flow, however, there are no ana
lytically derived expressions for f , and thus, we
shall resort to empirical expressions. There are a
lot of empirical formulas for turbulent flow f , all
of which agree reasonably well with one another,
and with reality. Throughout our mathematical de
velopment, we will use the Blausius expression:
f=

0.316

(3)

1

Re 4

2.2 Minor Losses
FIG. 1. Scheme denoting the experimental setup,
including pipe and reservoir labels.

at atmospheric pressure, while reservoir C is filled
with water. To initiate the phenomenon, we intro
duce water into reservoir A. This recently intro
duced water slides down pipe 1 due to gravity and
starts to occupy reservoir B, causing the air that
was present to compress. As the air is compressed,
its pressure increases, which forces the water in
reservoir C to exit the system through the water jet
in pipe 2. The water jet ceases when reservoir C is
completely emptied.

2 Theory
In our theoretical model, we will make use of
Darcy Weibasch’s equation in order to predict the
behavior of the system, focusing mainly on the jet’s
height.

∆Pi =

ρ v2
ei
2

(4)

The values for the ei coefficient relative to the
most common connectors can be easily found in
literature. In our case, the only minor loss which
we must consider is relative to the four 90degree
bends that are present in our pipeline, for which we
take ei ≈ 0.4 according to reference [6]

2.3 Governing Equations

2.1 Darcy Weisbach equation
The Darcy Weibach’s equation gives us the pres
sure difference in a given region of a pipe as a func
tion of the mean speed of the fluid in this pipe “v”,
as well as a friction coefficient, “ f ”:

ρ Lv2
∆P =
f
2d

Sudden changes in the flow of a fluid, such as
those caused by return bends or 90degree elbows,
can lead to pressure drops that are not taken into
account by equation 1. These pressure drops are
called “minor losses”.
To account for minor losses, we shall add ad
ditional terms into our expression for the pressure
drop. These terms are defined as a function of a
“minor loss coefficient”, ei , which is relative to the
shape and properties of each connector according
to reference [5].

(1)

Here, “ρ ” denotes the density of the fluid, “L” de
notes the length of the pipe, and “d” denotes the
diameter of the pipe.
The expression for the friction coefficient “ f ”
depends on the flow regime (laminar or turbulent).
For laminar flow, we can obtain, without too much

Considering pressure drops both from frictional
losses (Darcy equation) and minor losses, we can
write the total head loss in a given section of the
pipeline as:
∆P =

ρ Lv2
ρ v2
f+
2d
2

∑ ei



(5)

We can equate the pressure difference between
both ends of pipes 1 and 2 with each pipe’s respec
tive head loss:

ρ gL1 + Patm − P − ρ gh1 =

ρ L1 v21
ρ v2
f + 1 ∑ ei
2d
2
(6)
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Since the air inside our pipeline cannot leave the
system through any points, we can write the fol
lowing equation regarding the volume occupied by
it:
dV
π d2
=
(v2 − v1 )
(10)
dt
4
Where V denotes the volume of the air inside the
pipeline.
Furthermore, as the walls of our reservoirs are
fairly thick and made of acrylic, which is a bad
heat conductor, we assume the air’s compression
process to be adiabatic, which yields:
γ

PV γ = P0V0
FIG. 2. Setup figure showing some geometrical
parameters that were defined.

ρ L2 v22
ρ v2
f + 2 ∑ ei
2d
2
(7)
Here, P denotes the pressure of the air inside the
pipeline, v1 and v2 denote the mean speed of the
water in pipes 1 and 2, and h1 and h2 denote the
height of the water column in reservoirs B and C
as shown in the figure 2.
We take ∑ ei to be 0.8 in both the equations,
since both sections of the pipeline contains two 90
degree elbows each.
To account for the changes in the height of the
water column in each reservoir due to de incoming
or outcoming fluid, we can write down the follow
ing equations:
P + ρ gh2 − ρ gL2 − Patm =

S

dh1
π d2
=
v1
dt
4

(8)

dh2
π d2
=−
v2
(9)
dt
4
Where S denotes the crosssection area of the reser
voirs.
S

FIG. 3. Theoretical graph showing the height of the
water level as a function of time for reservoirs B and C.
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Where P0 and V0 denote the initial pressure and vol
ume of the air inside the pipeline.
We have, thus, obtained a system of 6 differ
ential algebraic equations which is composed of
3 first order differential equations and 3 algebraic
equations.
As we have 6 quantities that vary in time
(v1 , v2 , h1 , h2 , P,V ) and 6 equations, we can solve
for these 6 quantities as a function of time, pro
vided that we supply the three initial conditions
that are necessary due to the differential order of
the system, those being P(0), h1 (0), and h2 (0).

2.4

Predicted Behavior

Using Wol f ramMathematica, we were able so
solve the governing equations and obtain a pre
dicted behavior for our system.
First, let’s look at how the height of the water
column varies in each reservoir varies with time
(figure 3). As we expected, we can observe that
reservoir B starts empty and is progressively filled,
while reservoir C starts filled and is progressively
emptied.
Second, we observe how the mean speed of the
fluid in each pipe varies with time (figure 4). We
can see that initially, the speed of the water in pipe

FIG. 4. Theoretical graph showing the fluid’s mean
speed as a function of time for pipes 1 and 2.
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FIG. 5. Theoretical graph showing the pressure of the
air inside the pipeline as a function of time.

1 is much larger than that of pipe 2. This differ
ence in the water flow in each of the pipes leads
to a very fast increase of the pressure of the air in
side our pipeline because, as there is more water
entering the system rather than leaving, the air is
compressed.
This larger pressure, as we can see from the
equations, causes the speed of the fluid in pipe 1
to decrease, while increasing the speed of the fluid
in pipe 2, causing the speeds of the fluid in each
pipe to approach one another as we can see in the
figure 4.
Furthermore, we can analyze the pressure of the
air inside our pipeline (figure 5). We can observe
that the pressure of the air inside our pipeline is in
creasing at all points, which makes sense since the
speed of the water in pipe 1 is always larger than
that of pipe 2, there is always more water entering
the system rather than leaving, which causes the air
to compress and increase its pressure.
Finally, we look at how the height of the wa
ter jet varies as the system evolves (figure 6). Ini
tially, as the pressure of the air inside the pipeline
increases in a very fast manner, the speed of the
water in pipe 2 is consequently raised, leading to
a larger jet height. As the time goes on, however,
the rate of change of the pressure with respect to
time decreases and the decrease of the driving pres
sure due to the decrease of height of the water col

FIG. 6. Theoretical graph showing the jet’s height as a
function of time.

FIG. 7. Reservoirs that were built using the cylindrical
shells and plastic caps.

umn in reservoir C starts to be more detrimental to
the phenomenon when compared to the effects of
the changing pressure. These factors cause the jet
height to experience a slight decrease towards the
latter part of the experiment.

3

Experimental Procedure

In order to construct reservoirs B and C, acrylic
cylindrical shells were caped with plastic caps as
shown in figure 10. Additionally, barometers were
connected to the reservoir in order to spot any sud
den pressure leaks in the system, as observed in
figure 10 as well. Furthermore, plastic pipes and
90degree elbows shown in figure 11 were used in
order to connect the reservoirs with one another.
To vary the relative position between reservoirs
B and C, reservoir B was tied to a rope in a way
that its height could be easily adjusted as shown in

FIG. 8. Pipes and connectors that were used to
assemble the pipeline.

2018 Problem 4: Heron’s Fountain

13

Results

FIG. 11. Screenshot of Tracker analysis that was done.

FIG. 9. Rope setup that was used in order to vary the
relative position between reservoirs.

figure 12.
The phenomenon was recorder using a cell
phone camera, which was fixed in a way to capture
the water jet. The footage was later analyzed using
the “Tracker” software. The processes of record
ing and analyzing the jet are shown in figures 13
and 14.
The density and viscosity of the fluid used were
varied by preparing various solutions of water and
sugar with different concentrations. In order to
measure the viscosity, an analog viscosimeter was
used. As for the density, it was measured using
scaled beakers and the high precision scale. The
solutions and analog viscosimeter are shown in fig
ures 12 and 13.

4 Results
By analyzing the footage that was recorded us
ing the “Tracker” software, we were able to mea
sure the height of the water jet as a function of
time. In order to see if our theoretical model related

FIG. 10. Camera setup.
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well to the experiments, several relevant parame
ters were varied. In the following sections, we will
analyze how the height of the water jet as a func
tion of time changes as these relevant parameters
are altered.

4.1

Height Difference Variation

In order to vary the height difference between
reservoirs B and C, the height of reservoir B
was changed using the previously mentioned rope
setup. This procedure ensures that the length L2
stays the same, while length L1 is progressively
varied (which makes sense since we want only one
parameter to be varied at each time).
First, we notice that there is an overall a rea
sonably good agreement between theory and ex
periments, however, there is a visible dispersion to
the experimental points, which can be attributed to
instabilities in the tip of the jet that can cause it
to often collapse and present this erratic behavior.
These instabilities can be seen in figure 17.
Furthermore, we notice that, as expected, the
height of the water jet tends grow as the height dif
ference between reservoirs B and C increases. As
the height difference increases, the pressure dif
ference that drives the water flow also increases,

FIG. 12. Various solutions with different properties that
were prepared.
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FIG. 15. Comparison between theoretical and
experimental het height as a function of time for
various pipe diameters.
FIG. 13. Analog viscosimeter that was used to measure
the fluids’ viscosity.

which lead to overall higher jets. We can also
see that as the height difference increases, the de
crease in the height of the water jet characteris
tic of the latter part of the phenomenon becomes
less relevant when compared to the total jet height.
This occurs because, as this behavior is due to the
changes in the height of the water column in the
reservoirs, as the height difference increases, the
dimensions of the reservoirs become less meaning
ful when compared to the other height differences
involved.

4.2 Pipe Diameter Variation
The diameter of the pipes was varied by sim
ply changing the pipes that constitute the fountain.
As all the pipe’s external diameters are the same,
there was no need to change the connectors that
were used (which could be meaningful to the phe
nomenon).
We can observe that, as the pipe diameter in
creases, the height of the water jet also increases.
This occurs because for larger pipes, the non
slipping condition at the edges of the pipe don’t
have such a big impact in the water flow towards

FIG. 14. Comparison between theoretical and
experimental jet height as a function of time for various
height differences between reservoirs.

the center of the pipe, which leads to overall faster
average fluid speeds and consequently a higher wa
ter jet.
We can also observe that as the pipe diame
ter decreases, the process of emptying the reser
voirs takes longer, which causes the height de
crease characteristic of the latter part of the flow
to take longer to develop.

4.3 Fluid Properties Variation
As was previously mentioned, in order to vary
the fluid’s properties, various solutions of water
and sugar were prepared. The properties of the so
lutions are shown in the table 1. From the table, we
notice that the viscosity variations are much more
significant then the density ones, hence, we can
conclude that the viscosity change was the main
cause of the change in behavior observed.
TABLE I. The properties of the solutions.

Solution
1
2
3

Density (g/cm3 )
1.35 ± 0.02
1.23 ± 0.01
1.19 ± 0.01

Viscosity (cSt)
61.3
15.1
4.7

FIG. 16. Comparison between theoretical and
experimental jet height as a function of time for
different fluids.
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