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The energy transformation of an elastic hoop
Abstract
An elastic hoop jumps if it is pressed against the floor and released.
The height of the jump depends on the characteristics of the hoop and
the initial displacement. This paper first studies about the restoring
force of an elastic hoop. Theoretically and experimentally, it is proven

Fig. 1 : Compressed hoop.

that the restoring force increases linearly as the displacement increases.
Then, based on the energy conservation, the maximum jumping height

internal strain energy, the relation between the elastic

hoop. The ribbon-style hoop has the rectangular cross-

is predicted. The jumping height depends on the displacement, radius,

force and the displacement can be found.

section, and the ring-style has the circular cross-section.

thickness, and the material of the hoop.
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Introduction

The Fig. 2 shows a hoop pressed at two opposite
points by the force F. Using the bending moment and

∑M = M + M0-

(1)
(2)
Thus, the elastic constant of a ribbon-style hoop
is determined by the Young’s modulus(E), width(w),
thickness(τ), and the radius(R). For the ring-style, it is

energy is transformed into a mechanical energy. Such a seemingly
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following:

angle θ can be written as the following:

released. This is an easy way to observe how the elastic potential
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Thus, for each style, the force F can be expressed as the

shear force balance, an equation about the arc of central

An elastic object jumps into the air, when it is pressed and then

Ji S e on M in

Fig. 3 : Measurement of the restoring force
of a hoop.

F i g. 2 : B e n d i n g m o m e n t a n d
shear force balance of a hoop,
compressed by force F.

defined by the Young’s modulus(E), width(2r), and the

simple motion, however, is determined by geometric and material

By applying the Castigliano’s Method[3], the

characteristic of the elastic object. This research is focused on the

displacement in vertical and horizontal direction can be

dynamics of a hoop, a ring-shaped elastic body. There are many

calculated.

preceding studies on the elasticity of a ring[1], yet a recent study by E.

radius(R). In both cases, the Hooke’s Law is satisfied.
From the force equations, the potential energy is
calculated the following:
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Yang and H. Kim was the only one about the jumping motion of a such
object. [2] While their research is mainly focused on the quantitative
prediction and the optimization of the jumping height, this research
elaborates the jumping mechanism in detail, based on both theory
and experimental result and find how the jumping height is related to
different parameters.

moment of area. Since the horizontal force V=0 and
horizontal displacement δ x = 0 the change in vertical

Theory 1- Elasticity of a hoop

diameter is as the following:

In order to theoretically predict the jumping height, the potential
energy of a hoop should be calculated in advance. Then how can the
elastic potential energy of a ring-shaped object predicted? As an elastic
hoop is compressed against the hard surface, it is bent as the Fig. 1
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Here E is the Young’s modulus and I is the second

demonstrates. From the bending moment induced in the hoop and the

Experiment 1 – Elasticity of a hoop
The first experiment is conducted to verify the
theoretical elastic force of a hoop. Each hoop is pressed
by Pasco force sensor as the Fig. 3 shows. The force
was recorded in Data Studio as the displacement

The second moment of area is determined by the

increases by 1mm.

shape of the cross-section. In this research two kinds

First, polypropylene hoops of different radius

of hoops are used: ribbon-style hoop, and ring-style

and width are used. The hoops are made by rolling
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Fig. 4 : Polypropylene hoop.

Fig. 5 : Restoring force of hoops of different radius.

Fig. 8 : The elastic constant increases linearly as the width increases as the
Eqn. 1 predicts.

Fig. 10 : Restoring force of ring-shaped hoops.

a polypropylene film of thickness 0.30mm around and

the elastic constants of the two rings was 1.9, which has

velocity, the relative velocity at the central angle θ is as

kinetic energy transfor ms into the gravitational

connecting the end with a small amount of superglue.

less than 10% error compared to the theoretical value 2.1.

the following:

potential energy. Finally, the maximum height of jump

The Fig. 5 shows how the restoring force increases as
the displacement increases for the PP hoops of different

Theory 2 – Energy of a jumping hoop

radii. As the theory predicted, the force is linearly

As the force pressing down the hoop is removed,

proportional to the displacement for each hoop. The

the internal strain energy transforms into two forms

relationship between the width and the elastic constant,

of kinetic energy: the vibrational energy and the

the slope of the force to displacement graph, is shown

translational energy. To find the vibrational kinetic

in the Fig. 6. As Eqn. 1 predicts, k and R-3 are linearly

energy of a hoop, the vibrational mode has to be found.

proportional.

The high speed camera is used to observe the vibrational

As the width changes from 0.5cm to 2.0cm, similarly
the linear tendency between the displacement and the
restoring force is found in Fig. 7 and Fig. 8. The elastic
constant is proportional to the width.

jumping steel hoop.
̇ As the hoop vibrates in second harmonic mode,
the vibrational velocity at the central angle θ can be
calculated as the following equations: [2]

the Eqn. 2. The hoops are made of two different wires,

vrγ = 2Bωn cos2θsin(ωn t + ϵ )
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Next, the carbonated steel hoops are used to verify

mode. The Fig. 11 shows the stroboscopic image of a

whose widths(2r) are 0.49mm and 0.59mm. Each has the

vrτ =∫vrγ dθ=Bωn sin2θ sin(ωn t + ϵ )
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Fig. 6 : The elastic constant increases as the radius decreases as the Eqn. 1
predicts.

radius of 2.38cm. As the Fig. 10 shows, the Hooke’s Law
is well satisfied for each steel hoop. The ratio between

Combining the radial velocity and circumferential

Fig. 7 : Restoring force of hoops of different width.

vr (θ)=Bωn ( 4cos2 2θ + sin22θ ) cos( ωn t )

is expressed as the following Eqn. 4:
(4)

When the hoop departs from the surface, the
velocity at the central angle π is zero. Therefore, the

In reality, the effect of air drag is not negligible

vibrational kinetic energy can be calculated without

because a hoop has a big surface area compared to

knowing the natural frequency of the hoop (ωn).

the volume. Especially, a ribbon styled hoop has a big
cross sectional area due to the width. Thus, the energy

vc = vr (π) = 2Bωn cos( ωn t )
Kv =
Kv =

loss due to air drag should be considered to find the
accurate jumping height.

∫ vr (θ)2 dm
mvc2

(3)

From the Eqn. 3, the constant ratio bet ween
the t ranslational and vibrational energy, 8:5, is
found. After the hoop separates from the f loor, the
vibrational motion and the translational motion become
independent, since the only external forces acting on
the hoop is gravitational force, assuming that the drag

Considering the mean velocity of the hoop(1m/
s), width, and the viscosity of the air, the Reynolds
number of a hoop is lower than 1000. Thus, a linear
drag force ( f = -bv) can be used. After the hoop leaves
the f loor, the velocity and the maximum height are
expressed as the following equations.
mv = -mg -bv

force is negligible. Therefore, only the translational

Fig. 9 : Hoops made of steel wire.

Fig. 11 : Stroboscopic image of a jumping steel hoop.
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Fig. 13 : Theoretical and experimental value of the jumping height. The effect
of air drag is not considered.

Next, the polypropylene hoops of thickness 0.20mm,
0.25mm, and 0.30mm are used to verify the relationship

Now let’s verify the relationship between the

between the thickness and the jumping height. Each has

relevant parameters and the maximum jumping height

the radius 0.75cm and the width 0.50cm. The Fig. 18

experimentally. The ribbon-styled hoops are used to

shows the experimental and theoretical curves for each

T he e r ror bet ween t he t heoret ical value a nd

find the relationship since it is easier to control the

hoop. As the thickness increases, the jumping height

experimental value in Fig. 13 demonstrates that the effect

variables independently. The Eqn. 4 predicts that

of air drag is not negligible. Therefore, m/b is found

increase as the theory predicts. Below the displacement

the radius, the thickness, and the material properties

1cm, the theoretical value and experimental value

experimentally to find the theoretical height including the

(density and Young’s modulus) influence the elastic

match well. Yet as the displacement gets bigger than

The Fig. 12 shows the jump trigger used to initiate the

drag effect. The hoop is hung vertically from a string and

constant and the maximum jumping height.

1cm, due to the ultimate compressive stress, the hoop

jumping motion. The tip of the ball point pen is replaced

free fallen by burning the string with a torch. From the

with a sharp metal tip to minimize the contact area. The

fallen height and the final velocity of the hoop, m/b was

The Eqn. 5 shows that the maximum height is
determined by the initial velocity of the hoop and the
ratio between the mass and the drag coefficient of the
hoop (m/b).

Experiment 2 – Jumping height of a hoop

0 to 1.5cm by 0.25cm, the experimental jumping height
and theoretical height(not including the drag effect) are
shown in the Fig. 13.

rubber bands connected to the tip remove the pressing

calculated to be 0.16s-1. The modified theoretical height

force on the hoop. The displacement is controlled by the

and experimental height is shown in the Fig. 14. The

support jack, and the metal plate on the jack maintains

theoretical and experimental values match well compared

the symmetry of the hoop.

to the graph in the Fig. 13. The remaining error can be

The hoop used in Experiment 2 is made of a steel
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Fig. 17 : The jumping height at the same displacement increases linearly
as R^(-4) increases.

Experiment 3 – Relevant parameters and
jumping height of a hoop

(5)
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Fig. 16 : Jumping height of the OHP film hoops.

strip of width 0.30cm, thickness 0.15mm, Young’s
3

modulus 180GPa, and density 6.10g/cm . The radius of
the hoop is 1.75cm. As the displacement increases from

explained with the energy loss occurring before the hoop
leaves from the floor. Since the hoop experiences damped
harmonic motion in reality, some of the vibrational
energy is lost.

First of all, polypropylene hoops of 5 different
radii are used to verify the relationship between the
radius and the maximum height. (Fig. 15) The graph

no longer satisfies the Hooke’s Law. Thus, the gap
between the theory and experiment increases after the
displacement exceeds 1cm.

in the Fig. 16 shows the increasing tendency jumping

Finally, the steel hoop and the polypropylene

height as the displacement increases, for each of the

film with the same radius 1.75cm are compared. The

5 OHP hoops. By fitting each curve to a quadratic

density of the steel (6.1g/cm 3) is bigger than that of

function, the relationship between the height at the

the polypropylene (0.91g/cm 3). Nonetheless, since the

same displacement and the radius is found as the Fig.

Young’s modulus of the polypropylene film is between

17 shows.
increases linearly as R-4 increases, as
the Eqn. 4 predicts.

1.5 and 2.0GPa, while that of the steel is 180GPa, the
steel hoop jumps much higher than the polypropylene
hoop as in Fig. 19.

Fig. 14 : Modified theoretical value, including the air drag, and experimental
value of the jumping height.

Fig. 15 : OHP film hoops with different radius.

Fig. 18 : Jumping height of the polypropylene hoops with different thickness.

Fig. 19 : The steel hoop jumps much higher than the polypropylene hoop.
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Fig. 12 : Jump trigger.
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The dynamics of an elastic hoop is investigated in
two steps. First, whether the Hooke’s Law is satisfied

2013 Problem 4 : Soliton

Section 11.13 “Deflections by Castigliano’s Theorem”

Propagation of deflections in a system of
pendulums

[4] Sadd, M. H. (2009). Elasticity : theory, applications, and
numerics. Access Online via Elsevier.

in an elastic hoop is studied in order to find the internal
strain energy. The Experiment 1 demonstrates that the
theory for elastic constant of a hoop well matches with
the real case. The Hooke’s Law is well satisfied within
the compressive strength limit.

[5] Brannon, R. (2003). Mohr’s Circle and more circles.

Abstract

University of New Mexico.

Solitary wave is a very interesting phenomenon, which comes out
of nonlinearity of the medium, where this strange wave propagates.

[6] Resn ick , R., Hallid ay, D., & Wal ker, J. (1988).

First time it was observed in water channel by John Scott Russel, who

Fundamentals of physics. John Wiley.

Next, the energy transformation, from internal strain

[7] Young, W. C., & Budynas, R. G. (2002). Roark's

energy to two kinds of kinetic energy, is investigated

formulas for stress and strain (Vol. 6). New York:

theoretically to predict the maximum height of the

McGraw-Hill.

noticed unusual shape and speed of propagation of such waves as well
as their stability. These phenomena can be met in very different fields
of science: from solitons in water to optical solitary waves in lasers.
Our task is to investigate the existence if these waves in discrete

jump. By observing the vibrational mode of the hoops,
the vibrational motion of the hoops is assumed to be
second simple harmonic motion. Surprisingly there is a

medium and find a connection between properties of the medium and

[8] Barber, J. R. (2010). Elasticity, Solid Mechanics and its

features of the phenomenon.Keywords coupled pendulums, solitary

Applications, Vol. 172.

waves, soliton, dispersion, nonlinear waves, Sine-Gordon equation

constant ratio between the vibrational and translational
kinetic energy, when a hoop departs from the f loor,

Keywords

regardless of the geometric character of a hoop or the

connected pendulums, solitary waves, soliton, dispersion,

initial displacement. The air drag is included in the

nonlinear waves, Sine-Gordon equation.

theory to quantitatively predict the jumping height. In
the Experiment 2, several parameters of the hoops are
changed and the predicted tendency is observed in the
data. As the radius and density decrease, and as the
thickness and Young’s modulus increase, the height of
the jump increases.
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Introduction
The task was to construct a setup of identical pendulums mounted
equidistantly along a horizontal axis, wherein adjacent pendulums
are connected with light strings and to study how a deflection will
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propagate in such a system and find, how maximum propagation
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