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Abstract
UE to the acceleration of the sand centroid,
the hourglass’s apparent weight will change
slightly with time in the process of sand flow,
which is the sum of the effects of each part of the
sand in the hourglass. By establishing an hourglass
model, in this paper we can get the relationship
between the centroid position vector of each part
of the sand and the time, and then get the time
dependent acceleration of the overall centroid of
the sand. According to the shape of the hourglass
itself and the parameters of each part, the process
of sand flow can be divided into five stages. Then
the mismatch between theoretical and experimen
tal values is analyzed, and the imperfect elastic col
lision between sand and the bottom of the hour
glass is used to explain and further revise the pre
vious theory.
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Introduction

When the sand in the hourglass flows, a part of
the sand falls freely. Because the mass of this part
is not borne by the hourglass itself, the hourglass’s
apparent weight will decrease. When the sand
touches the bottom of the hourglass, collisions will
occur, which will increase the hourglass’s apparent
weight due to the impulse of the sanding hitting the
bottom. Nowadays, it is generally believed in se
nior high school physics level that, except for the
change of hourglass’s gravity in the initial and fi
nal stages, the above two effects inducing the hour
glass’s apparent weight change might cancel each
other  the hourglass’s apparent weight in this case
is equal to that at rest. However, there is a misun
derstanding in this statement. In fact, there will be
a slight increase in the hourglass’s apparent weight
at this time, which needs to be measured by high
precision instruments.
The previous works by Achim Sack [1] and
other researchers [2,3] mainly solved the problem
of how much the gravity changes when sand flows
in a given hourglass by studying the centroid of the
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FIG. 1. (a) Experimental device and (b) hourglass
model with three part.

overall system. They paid attention to the inconsis
tency between the theoretical and the experimen
tal values and gave reasonable explanations, but
lacked the quantitative revision of the existing the
ory. Based on those foundations, this paper estab
lishes an appropriate hourglass model and obtains
the function between the movement of sand cen
troid and the time. By analyzing the mismatch be
tween theoretical and experimental values, we cor
rect the previous theory quantitatively. Besides,
qualitative research is carried out on the influence
of different factors such as the bottom diameter of
the funnel, the inclination angle of the funnel and
the falling height of the sand on the change of the
hourglass gravity.

2 Model establishment
The experimental device is shown in FIG. 1(a),
from which the hourglass model is established and
divided into three parts, as shown in FIG. 1(b). The
experimental results show that as the sand flows,
the sand plane in the part Ⅰ will form a conical de
pression. The angle between the generatrix of the
conical and the bottom is the internal friction angle
of the particle and almost invariable with time.
The sand in part Ⅲ of the hourglass will grad
ually accumulate to form another cone. The an
gle between the generatrix of the conical and the
bottom is the repose angle of the particle. Repose
angle is the angle at which a bulk material can
maintain its natural stable state when it is placed
at rest. In the process of sand particle accumula
tion, the repose angle firstly increases with the in
crease of the number of particles. When the repose
angle increases to a certain value, the sand pile col
lapses, which is called the collapse angle of parti
cles. Then the collapse stops. The angle formed
at this time is called the static polar angle of parti
cles, and the static angle of the sand pile oscillates
with time. It is generally believed that the differ
ence between the collapse angle and the static po

FIG. 2. Onedimensional coordinate system and all the
geometric parameters labelled to describe the hourglass
model.

lar angle of particles is not more than 2 degrees,
and due to the rapid accumulation of sand in the
hourglass, it’s difficult to distinguish the two an
gles. After experimental measurement, we believe
that the internal friction angle and the repose an
gle of sand particles are equal within the range of
measurement error, and set them as α .
Then the Beverloo equation is introduced to
solve the flow of the hourglass:
√
W = Cρ g(Dl − kds )2.5
(1)
The applicable condition of the equation is that
the funnel bottom is circular and there is no block
age while sand flowing. The related parameters are
listed as follows: flow W , hourglass related con
stant C, particle related constant k, density of sand
ρ , gravitational acceleration g, bottom diameter of
the funnel Dl , and particle size ds . From the equa
tion, it can be seen that the flow of sand is posi
tively correlated with the bottom diameter of the
funnel. In the case of using the same kind of sand
and the same hourglass, the flow of hourglass W is
approximately constant, and we set it as Q.
As sand flows, we need to consider other vari
ables, listed as follows: total sand mass M, incli
nation angle of the funnel θ , the height H of sand
cone in part I, bottom radius of the funnel R, the
depth h of the depressed cone in part I, the falling
height of sand D, the height d of the sand cone
in part III. We set the moment when the sand just

FIG. 3. Schematic of the four critical time points as
sand flows.
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flows to be the zero of time, and establish a one
dimensional coordinate system with its positive di
rection to be vertically upward and the bottom of
the funnel as the origin. All the parameters are
shown in FIG. 2.
FIG. 4. Five stages in the whole sand flowing process
divided by the critical time points.

3 Theoretical calculation
Previous work [1] shows that the change of ap
parent weight of the hourglass during sand flow
ing is caused by the acceleration of the overall cen
troid of the sand, so we can use the centroid motion
theorem to solve the problem. Based on the hour
glass model shown in FIG. 2, the position vector
of the sand centroid can be obtained. According to
the definition of centroid, the position vector of the
sand centroid can be expressed as below:
∑ mi⃗ri
⃗rc =
,
M

ratio of the lower diameter to the upper diameter
of the funnel in the experiment is smaller than 0.1,
so that in the experiment, the geometric shape of
sand in part I is treated as a cone rather than a frus
tum. The second is the approximation of the initial
velocity of sand grains at the funnel mouth. The
expression of initial velocity of sand particles at
the funnel mouth is shown below.
v0 =

(i = I, II, III)

(2)

Then the timedependent acceleration of the
overall sand centroid ⃗ac is obtained by second
derivation of ⃗rc . Finally, the expression of the
hourglass’s apparent weight varying with time is
obtained by using the centroid motion theorem.
⃗N = M⃗ac + M⃗g

(3)

We choose four critical time point in sequence
as the sand begins to flow, which is shown in FIG.
3: (1) The moment when the first sand particle col
lides with the bottom of the hourglass; (2) the mo
ment when the bottom radius of the conical depres
sion in part I reaches the maximum of the funnel
boundary; (3) the moment when the bottom radius
of the cone in part III reaches the maximum of the
boundary; (4) the moment when the sand in part I
just runs out from the bottom of the funnel. The
calculated expression of each time point is shown
below.
q

2D

t
=

1
g



t = πρ R3 tan α
2
q 3Q
(4)
2(D−R tan α )
πρ R3 tan α


+
t
=
3

g
3Q



t4 = M
Q
It is worth mentioning that choosing appropri
ate parameters of funnel, sand volume and falling
height in the experiment can ensure that these four
time points appear in turn, and their order will not
be disturbed.
In order to simplify the calculation, two approx
imations are adopted in the process of theoretical
derivation. The first is the approximation of the
geometry of the sand in the funnel. Because the
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Q
ρS

(5)

In the above expression, S is the crosssectional
area of the lower aperture of the funnel. Plugging
experimental parameters into the formula, we can
get v0 ≈ 0.24 m/s while the velocity of sand grains
touching the bottom of the hourglass ve ≈ 2 m/s,
v0 /ve ≈ 0.1, so the initial velocity of the sand par
ticles is approximately zero.
With the four time points, we can classify five
stages of the whole sand flowing process, which is
shown in FIG. 4. Based on the five stages of hour
glass, we can examine part I, II, and III of the hour
glass separately in each stage, determine the prod
uct of mass and the centroid of each part, and then
combine them together to calculate the accelera
tion of overall centroid of the system in each stage.
After a series of calculation and simplification, the
timedependent acceleration of the centroid can be
obtained for each part of the hourglass, as shown
q 
in formulas of Eq(6), where A =

3Q tan2 α t−

2D
g

πρ

FIG. 5. Experimental curve (black) and theoretical
curve (red) of the apparent weight of the hourglass
varying with time.
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FIG. 6. Imperfect elastic collision recorded and
measured by highspeed camera.
FIG. 7. Verification of the imperfect elastic collision
modification of sand particles

By combining the results shown in above for
mulas with the five stages of sand flow shown in
FIG. 4, the timedependent apparent weight of the
five stages can be obtained, as shown in formulas
below.


0 < t < t1 , FI = M[aI (1) + aII (1)]





t
 1 < t < t2 , FII = M[aI (1) + aII (2) + aIII (1)]
t2 < t < t3 , FIII = M[aI (2) + aII (2) + aIII (1)]



t3 < t < t4 , FIV = M[aI (2) + aII (3) + aIII (2)]



t > t , F = M[a (3) + a (2)]
V
II
III
4
(7)
Using the expressions shown above, we can plot
the theoretical image of the apparent weight of the
hourglass varying with time, which is shown in
FIG. 5.

4 Theoretical modification
FIG. 5 also shows the experimental data, which
is generally in good agreement with the theoretical
values. However, there are two regions revealing
noticeable difference, which are circled in purple
in the image. We can see that there are a peak and

a valley in the experimental curve, but not in theo
retical curve.
The mismatch in the peak region comes from
the assumption that the collision between the sand
flow and the sand cone accumulated at bottom of
hourglass is completely inelastic. But in fact the
collision belongs to imperfect elastic one, which
leads to the deviation between theoretical and
experimental values. The restitution coefficient
of imperfect elastic collision can be obtained by
recording and measuring of the highspeed cam
era, as shown in FIG. 6.
r
d0
e=
≈ 0.18
(8)
D−d
Then the increment ∆N caused by imperfect
elastic collision of sand particles can be obtained
with e.
v
v 

u 

u
q
u
u
2(D−d)
u
2
tan α 
u
3 3Q t −
u 
g
t


d
−
∆N = eQu
2g

u 
πρ

t 
(9)
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Influence on weight change of relevant parameters

FIG. 8. Schematic of the sand particles falling as a
whole, which leads to a sudden increase in sand flow.

To verify this explanation, we have conducted
8 groups of experiment with different parameters,
and plot the experimental data of ∆N as well as the
theoretical ones calculated by the formula above,
which is shown in FIG. 7. From FIG. 7, we can
see the fitting line is very close to the curve y = x,
which proves the correctness of the theory.
The mismatch in the valley region comes from
the sudden increase of the hourglass flow at the
stage shown in FIG. 8, which leads to an increment
∆N ′ .

Dl tan θ
1
′
∆N = ρ gπ (
)3 (tan θ
3
tan θ − tan α
 (10)
− tan α ) − D3l tan θ
Similarly, we have used 8 groups of experiment
with different parameters to validate the guess.
The experimental and corresponding theoretical
data are shown in FIG. 9. The fitting line confirms
our theory very well.

5 Influence on weight change
of relevant parameters
From the theory suggested above, we can ana
lyze the effect of relevant parameters on the change

FIG. 10. Theoretical (solid) and experimental (dashed)
curves of the apparent weight of hourglass with
different bottom sizes of the funnel.

of hourglass apparent weight in the first stage qual
itatively. Here, we experimentally investigate the
influence of relevant parameters, such as the size
of the bottom of the funnel� the falling height of
sand, and the inclination angle of the funnel.

5.1

Three hourglass with inclination of 60◦ and sand
falling height of 18 cm are selected. Their bot
tom diameters of the funnel are 12.06 mm, 19.84
mm and 27.62 mm, respectively. The experimen
tal results and corresponding theoretical curves are
shown in FIG. 10.
By comparing the theoretical and experimen
tal values of the hourglass apparent weight, the
following conclusions can be drawn: the larger
the bottom diameter of the funnel, the greater the
change of the hourglass apparent weight in the first
stage.

5.2
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Falling height of the sand

Three hourglass with inclination of 60◦ and fun
nel bottom diameters of 19.84 mm are selected.
Their sand falling height are set to be 11 cm, 18 cm
and 23 cm, respectively. The experimental results
and corresponding theoretical curves are shown in
FIG. 11.
Comparing the theoretical and experimental val
ues of the hourglass apparent weight, we can get
the following conclusions: The higher the falling
height of sand, the greater the variation of the ap
parent weight of the hourglass in the first stage.

5.3
FIG. 9. Verification of theoretical modification
considering the sudden increase of sand flow.

Bottom diameter of the funnel

Funnel inclination

We choose three hourglass with the same bot
tom diameter of funnel (19.84 mm) and the same

Conclusion

FIG. 11. Theoretical (solid) and experimental (dashed)
curves of the apparent weight of hourglass with
different sand falling height.

sand falling height (18 cm). However, the inclina
tion angle of the funnel is 50◦ , 60◦ and 70◦ , respec
tively. The results are shown in FIG. 12.
By comparing the theoretical and experimental
values of the hourglass apparent weight, we can
conclude that the bigger the funnel inclination, the
bigger the change of the hourglass apparent weight
in the first stage.

6 Conclusion
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FIG. 12. Theoretical (solid) and experimental (dashed)
curves of the apparent weight of hourglass with
different inclination angle of the funnel.
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When the sand flows, the hourglass’s appar
ent weight will change as follows: it first de
creases; then restores to a stable state; and finally
increases. The reason for this phenomenon is that
the centroid motion of sand in the hourglass has
a timedependent acceleration, which makes the
sand overweight or become weightless. The exper
imental curves are obtained by changing the bot
tom diameter of the funnel, the inclination angle of
the funnel and the height of the sand falling. Com
pared with the theoretical data drawn by using a
modified theoretical model, the following conclu
sions can be drawn: the bigger the bottom diame
ter of the funnel, the bigger the inclination angle of
the funnel, the higher the height of the sand falling,
the greater the change of the apparent weight of the
hourglass.
There are two highlights in this paper. Firstly,
the mismatch between the theoretical curve and
the experimental curve is not only explained, but
also corrected quantitatively, and the correctness
of modified model is checked. Secondly, the fac
tors affecting the variation of hourglass apparent
weight are studied and qualitative conclusions are
obtained, which fill the gap of previous studies to
a certain extent.
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