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The dynamics of an elastic hoop is investigated in
two steps. First, whether the Hooke’s Law is satisfied
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Propagation of deflections in a system of
pendulums

[4] Sadd, M. H. (2009). Elasticity : theory, applications, and
numerics. Access Online via Elsevier.

in an elastic hoop is studied in order to find the internal
strain energy. The Experiment 1 demonstrates that the
theory for elastic constant of a hoop well matches with
the real case. The Hooke’s Law is well satisfied within
the compressive strength limit.
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Abstract

University of New Mexico.

Solitary wave is a very interesting phenomenon, which comes out
of nonlinearity of the medium, where this strange wave propagates.
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Next, the energy transformation, from internal strain
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theoretically to predict the maximum height of the
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noticed unusual shape and speed of propagation of such waves as well
as their stability. These phenomena can be met in very different fields
of science: from solitons in water to optical solitary waves in lasers.
Our task is to investigate the existence if these waves in discrete

jump. By observing the vibrational mode of the hoops,
the vibrational motion of the hoops is assumed to be
second simple harmonic motion. Surprisingly there is a

medium and find a connection between properties of the medium and
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constant ratio between the vibrational and translational
kinetic energy, when a hoop departs from the f loor,

Keywords

regardless of the geometric character of a hoop or the

connected pendulums, solitary waves, soliton, dispersion,

initial displacement. The air drag is included in the
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theory to quantitatively predict the jumping height. In
the Experiment 2, several parameters of the hoops are
changed and the predicted tendency is observed in the
data. As the radius and density decrease, and as the
thickness and Young’s modulus increase, the height of
the jump increases.
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Introduction
The task was to construct a setup of identical pendulums mounted
equidistantly along a horizontal axis, wherein adjacent pendulums
are connected with light strings and to study how a deflection will

SOLUTIONS OF IYPT PROBLEMS

propagate in such a system and find, how maximum propagation
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of propagation speed on wavelength for a partial sine

These waves are called solitary waves (Fig. 5)

wave the changes of wave form during propagation
was analyzed. The wavelength was found using Fourier
transform of soliton shape. The wave speed was
measured by

Fig. 5: Solitary waves or solitons. This kind of behavior is represented
by changing of deflection angle to 2𝜋 during short period of time. Due to
dissipation forces propagation of such wave slows down.
Fig. 1: The principal scheme of experimental setup. 1 – attachments, 2 –
plastic tubes (pendulums), 3 – adjustable weights, 4 – steel tube (axis), 5 –
light strings.

Every pendulum comprises attachment (1), a long

All dispersive ways (as a type of motion) have
Fig. 3: Actual photo of the experimental setup: principal parts and the setup
assembled.

com mon behavior, which is deter mi ned by the

weight (3). A set of 30 pendulums is mounted along

The analysis of system behavior includes investigation

a horizontal steel tube (4), adjacent pendulums are

relation. Let F( x , t ) be a def lection of pendulums.

of the motion law for every pendulum experimentally.

connected with strings (5) with adjustable length

Then, according to Fourier discrete transform, this

The procedure of measurements is as follows: using the

and hardness. The setup is launched manually, since

dependence can be represented as

program Logger Pro© vertical coordinate of pendulum

such method gives the best possible control on initial

was determined. The result of such process is time series

conditions, which was proved experimentally (see Fig. 2).

of vertical coordinate for every pendulum with high
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F( x , t ) =

 Ai sin(-w it+k i x+φ i)

partial sine waves (responsible for propagation speed),
and k i are wavenumbers. The dispersion phenomenon

As it can be seen the dispersion phenomenon takes

means that there isi a relation between these two values,

place in this particular system. After reconstructing the

After conducting a set of experiments it was found

i.e. dispersion relation, which is responsible for the

dependence of angular frequency from wavenumber (or

that there are only two possible qualitatively different

connection between the wavenumber and velocity

dispersion relation) it is obvious, that the system tends

types of this motion. The first type is obtained when the

of propagation. Therefore, if the initial deflection is

to have normal dispersive law (phase speed decreases

initial energy (angular velocity of the first pendulum,

not a sine wave, after some time it will decay into

with frequency).

initial angle of each pendulum, etc.) is not high enough,

several waves with different propagation speeds. This

and the system oscillates near its equilibrium position.

phenomenon can also be observed experimentally .

First experiment

where coefficients w i are angular frequencies of

These types of waves are called dispersive waves (see

also common for all of them. They are
• solitude

launch, such as the initial angular velocity and initial

• constant shape

angular deflection, parameters of pendulums, such as
of the strings, such as length in non-deformed state and
hardness.

presented on Fig. 3.

Solitary waves
Solitary waves have several properties1, which are

Fig. 4)

This setup allows to control the parameters of

A single pendulum and the experimental setup are
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properties of the medium or more exactly the dispersion

Fig. 7: Dependence of propagation velocity from wavelength. This
dependence is the way to illustrate the dispersion phenomenon in the
system. And the shape of the dependence shows, that shorter waves
propagate faster.

discretization.

its size, weight and moment of inertia, and parameters

presented on Fig. 7.

Dispersive waves

tube (2) representing a pendulum itself and a changeable

Fig. 2: Dependence of angle of deflection of the first pendulum on time.
Clearly, this dependence has small deviation from linear tendency. Maximum
relative deviation from constant velocity is observed at the very beginning and
equals to 14.3%.

processing the high-speed video. The results are

• constant speed of propagation.

Fig. 4: Dispersive waves. This motion has its own equilibrium position, when
all deflection angles are equal to zero. After oscillating for some time the
system comes to this position due to dissipation forces.

The second type of motion appears, when initial
energy of the system exceeds some critical value
resulting in that a wave consisting of pendulums rotating

In order to verify the waves form transformations
during motion time dependence of wave shape should
Fig. 6: Dispersion demonstration. After some time of propagation initial
deflection decays into group of them, end every such new wave represents
a sine.

be analyzed. To make it convenient for analysis, we

In order to find experimentally the dependence

in a form of density plot. For the experiment, this plot

will plot it in a form of phase diagrams, and represent it
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at least one revolution goes through the whole system.
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that compensates the dispersion effect, has nonlinear

To finalize this experiment it’s important to make

this picture represents the dependence of height of one

nature. In this particular case such factor is gravity. The

sure that every time the system is launched (even with

pendulum versus time, and vertical cross section – shape

nonlinear effect is caused by the fact, that the gravity

different initial conditions) the shape of the wave is

of the wave at one particular moment of time.

torque is proportional to sine of deflection angle, and

the same. Results of such comparison are presented on

if deflections are bigger than π, gravity accelerates the

fig.11.

can be easily calculated from equation
(2)
The friction torque includes both viscous friction
(proportional to angle velocity, characterized by

pendulum (remember that for small deflections gravity

coefficient β) and dry friction (has constant module

toque is always returning):

and directed to contract the motion, characterized by

- MgR φ i

→

coefficient μ) influence:

- MgR si n ( φ i )

(3)

To check these assumptions let us recall the origin
of this phenomenon: since the gravity torque depends

T he f r iction coeff icients can be def ined

only on the position of the pendulum, it can be referred

experimentally: one pendulum, which is not connected

Fig. 8: Phase diagram for the experiment. Horizontal section is for angle vs
time dependence for 1 pendulum, and vertical section is for angle vs number
of pendulum dependence or just wave shape at a particular moment of time.

to the property of “medium”. Consequently, all the

to other pendulums, is released from certain position

shape properties of the wave should be depend only

and using high-speed camera the dependence of

Let us look closer at the result of our experiments. It

on properties of medium. And next experiment will

can be seen from Fig. 9 that after formation the shape of

consist of checking this conclusion. Actually, the task

the wave remains constant as well as propagation speed

is to compare shape of the initial deflection with wave

which can be estimated form this plot (≈22 pendulums

shape of the system. Initial deflection shape is obtained

per second).

by tracking the position of the first pendulum at certain
intervals; one such interval is equal to time that solitary
wave needs to travel exactly one pendulum:

Fig. 11: Comparison of wave shapes after different launches. This
experiment adds to previous one an important conclusion: wave shape
depends only on system parameters

It is obvious that our assumptions appeared to be

height from time is obtained. On the other side, this
dependence can be predicted theoretical with the help
of main equation of rotational motion:

true: all shape properties of a solitary wave are defined
exactly by medium properties, not by properties of
initial deflection.

Friction coefficients are the result of the fitting
procedure (shown on fig. 12).

Theoretical model
where
and

φ 1 (t)

is for trajectory of the first pendulum

φ i (0) is for equivalent shape of initial deflection.

Results of this comparison are presented on Fig.10.

Theoretical model for this phenomenon is mainly
the problem to simulate it numerically, because it the
task to derive the equation is less complicated than to
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solve these equations.
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Fig. 9: Phase diagram of a solitary wave. This plot clearly shows all properties
of solitary waves and also gives an estimation for propagation velocity.

Consider a pendulum with sequence number i
and two its closest neighbors. Every pendulum is

Let us try to find the explanation of such behavior.

φ i (t ) . To find this

First of all, constant shape means that it does not change

characterized by angle function

with time, but the dispersion phenomenon tends to

dependence the law for rotational motion is used for

change the shape, and should be taken into account.

every pendulum:

Fig. 12: Investigating friction torque. The plot shows the experimental
dependence of deflection angle of one pendulum from time and also
theoretical fit to find the desired coefficients.

To find out mechanism of shape conservation, let us

β = ( 4.570 ± 0.005 ) ·10-3 N·m·s

pay attention to initial conditions: for relatively small

μ = ( 3.12 ± 0.01 ) ·10-4 N·m

(1)

deflections dispersive waves are obtained and solitary
waves exist in case of large deflection from equilibrium
position. This fact means, that the corresponding factor,

Fig. 10: Initial deflection vs wave shapes for different experiments. The result
means that there’s no significant dependence of wave shape from initial
conditions.

where Mel is torque of elastic forces, Mgr is gravity
torque and Mfr is friction torque. The gravity torque

The derivation of the torque of elastic forces is
more complicated task. First step is to wright down
the equation for elastic force. It is better to define it in
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looks as it is shown on Fig. 8. Horizontal cross section of
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connects to pendulums in vector form:
(4)
(5)
where i , j are the numbers of pendulum,
– position
vector of every pendulum and H θ (x) is Heaviside theta3

Also we need to find parameters of the strings for

Then, this new system is solved numerically for

the experimental setup. To investigate it, we use usual

time interval [T0 , T ] and second solution F 2 (i, t) s

method of finding the hardness coefficient of the strings:

obtained. Final solution is a combination of 2 solutions:
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vector Here is the force of tension of the string, which

the dependence of string length from load is studied.
Obtained dependence is shown on Fig. 13:
And value of coefficients obtained:

Fig. 14 illustrates the comparison theory and experiment.

function (special function to represent the fact that when
distance between two pendulums is less than initial
length of the string force is not repulsive, it’s equal to
zero). Then, vector of elastic torque is expressed in terms
of cross product:

Now, system of equations (1)–(9) form differential

initial conditions – initial angular velocity of the first
pendulum. Varying it we have obtained the result,

equations. In order to solve them, 2 initial conditions

which is illustrated on fig. 16.

(angle of def lection and angular velocity at initial

is position vector of force point:

moment) for every pendulum are required. But in this
(7)

And finally, needed toque is a projection of its vector
on rotation axis:

particular case they cannot be defined directly: the
system is influenced by the launching process for certain
time, and only after that the free motion starts. So the
solution should be divided on two parts: first part is for

(8)
For pendulum number i we should take into account
its closest neighbors with j = i + 1 and j = i − 1 exept for
cases of i = 1 and i = n :

launch when the first pendulum is rotated according to

Fig. 16: Investigation of initial angular velocity’s influence, the only
parameter from properties of launch.

when there is no external influences. Such method is
called pre-condition method. Here is the scheme for the
first part of the solution:
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Fig. 14: Comparison of theoretical and experimental results. Phase
diagrams and freeze-frames.

predefined motion law, and second part is for free motion,
The phase diagrams, that the behavior of the
simulation is highly similar to the behavior of the
experimental setup. Comparison of actual experimental

(9)
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First parameter to check is the only parameter of

equation for motion of when pendulum, and totally there
are N (for every pendulum) second order differential

(6)
where

Fig. 15: Visualization of investigated parameters. Length of wave’s upper
part and propagation velocity.

video freeze-frames with the simulation visualization
also shows high correlation.
Here, f (t) is the law of motion for the first pendulum
(defined by the launching process). Assuming that the
first part lasts until time T0 (time of external influence),
this system is solved numerically, and first solution F1(i,
t) is obtained. Using this solution, new initial values are
constructed and second system is obtained:

Fig. 13: Investigation of strings. Using linear approximation, the desired
coefficients are obtained.

Influence of the parameters

Let us explai n such result. Fi r st of all, t he
dependence of wavelength from initial velocity is quiet
obvious. Since the wave shape (and, consequently,
wavelength) are independent from initial conditions, it
is expected, that the wavelength will also not depend
on the given parameter. The experiment shows this
tendency: wavelength decreases with angular velocity,

T h is pa r t i l lu st r at e s i nve st igat ion of wave

but the slope of the dependence is rather small (≈10%

properties. Note that the common form of the solitary

change o f w avelength vs ≈ 300% change of angular

wave does not depend on parameters, so we can

velocity). To explain the second dependence it is better

describe the properties of the wave by 2 parameter:

to use energy conservation law for this system. If not

wavelength and speed of propagation, since wavelength

to take dissipation processes into account, it will have

is enough to describe waveform, and the speed of

the following form (right part is the initial energy

propagation describes the behavior of the wave in time.

proportional to initial angular velocity):

These two values are illustrated on fig.15
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where varying parameters are highlighted with blue

practically disconnected from each other, and the time

Fi rst fact about t he propagat ion mediu m to

energy of the system. As you can see, it depends only

and red, R referrers to the length of the pendulum itself,

to pass the deflection through the system increases.

investigate is that it is not endless. So, the most often

on pendulums’ positions, which in turn means that they

and m stick is for the mass of the pendulum without a

That is why it qualitatively changes the dependence of

phenomenon is interaction of a soliton with the medium

are responsible for wave shape. Since the dependence of

weight. And here is the explanation:

wave characteristics from string hardness coefficient.

border. On fig. 21 you can see the dependence of

wavelength from angular velocity showed small influence
of initial conditions on wave shape, this part also does
not depend on initial conditions and can be crossed out,
since it is constant for every angular velocity. So, the
only thing that depends from angular velocity is the
speed of propagation.

1. While changing weight mass both values are

Finally, we can also make conclusion about the

increasing. Consequently, motion becomes slower

applicability of the theoretical model: it is noticeable,

and the wavelength decreases cause now a bigger

that this model accurately describes the experimental

torque is required to rotate pendulums.

tendencies.

2. When weight position is changed, moment of inertia
grows faster than gravity torque, so system becomes

Next investigation is about inf luence of mass

more similar to a set of unconnected pendulums

d ist r ibut ion , wh ich is def i ne d by cha nge able 2

and wavelength increases. Next important system

parameters: the mass of the weight and the distance from

part to be investigated is the string. It also has 2

the axis to the weight. Result of changing these values is

parameters: initial length and hardness coefficient.

showed on fig.17.

And varying it the dependences on fig.18.

wavelength from time near the moment of “hitting” the
border.

Interaction of solitary waves with other
objects
Since solitary wave is not actually the only object
in the medium, we decided to investigate its behavior
while interacting with other waves. Unfortunately,
we could not do it experimentally, because friction
influences the motion very much (see Fig.19) as well as
real sizes of the setup are not big enough to investigate
wave behavior. That is why we will investigate this part
using computer simulation.

Fig. 21: Dependence of wavelength from time at hitting moment.

From this picture it’s noticeable, that the wave
behaves like a par ticle: it does not change any
characteristics except for direction of motion.
The only significant object that can effect on soliton
propagation is another solitary wave: if it meets any
dispersive wave, solitary wave will destroy it. So,
now we produce 2 solitary waves in our system and
collide them. The direction of rotation should be also
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Fig. 18: Investigation of string parameters. 3D histograms for wave length (left)
and propagation speed (right)
Fig. 17: Investigation of weight parameters. Weight position (top) and weight
mass (bottom).

Here, everything is quiet clear: increasing hardness

To comment these results, let us introduce qualitative

makes the system closer to a usual sine-wave variant

analysis of the mass distribution of the law of motion.

(because the torque of elastic forces becomes bigger,

Obviously, it changes gravity torque and moment of

relatively to the torque of the g ravit y force), so

inertia for every pendulum. Numerically it can be

wavelength and propagation velocity increases.

described as follows:

Fig. 19: Influence of friction. Real experiment vs theoretical simulation
without any friction.

Moreover, if to simulate motion of solitary wave
on a larger system (see fig. 20), it’s obvious, that the

kink (for different direction of rotation) collision and
kinkantikink collision (for coinciding direction of
rotation). Results are presented on fig. 22.

wave decelerates and finally stops. That also shows big
influence of dissipation forces.

As for initial length, we can notice, that this value
qualitatively changes the form of interaction of the
pendulums: when this length is bigger than the distance
between the neighboring pendulums, string remains
untensioned even when there is some angle between
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varied, and 2 possible combination are called kink-

these 2 pendulums. That means, that pendulums are

Fig. 20: Motion of solitary wave. Dependence of coordinate of maximum
from time.

Fig. 22: Phase diagrams for solitons’ collisions. Kink-kink collision (left) and
kink-antikink collision (right).
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Everything highlighted with blue is the potential
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Consequently, viscous friction force is expressed as:

And by substituting all these values we can obtain

in any interaction. But in one case 2 waves pass through
each other and in another case they rebound from each

Here γ is constant, that characterizes the relation

other.

Continuous model of pendulum system
In this part the theoretical model for motion of
pendulums will be used to create a model of behavior
for a continuous medium. Let me remind that discrete
model (which was presented before) gives a set of N
dependences of angle from time, while continuous model
gives smooth function of angle from coordinate and time.
One of method to obtain the solution is to use
method of limits. Let us assume, that distance between
pendulums is much smaller than length of the pendulum
and recall equation (1) for its motion:

between initial length and distance between pendulums
Now, the gravity torque expressed from equation (2):

First, the torque of viscous friction can be found from
equation (3) of theoretical part:

Here Δm is for pendulum mass and l is distance from
axis to the center of mass. The final equation is:
Mgr = -ΔmgεRsinφ,
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constant Young modulus the hardness of the strings
should increase when the string becomes shorter. More

where ε = l/R is a coefficient to describe the position

by initial length should remain constant. Since we

of the center of mass. Torque of elastic forces can be

know, that relation between initial lengths equals to

expressed from equation (4)–(9) :

relation between distances, we can find “new” hardness
coefficient:

Now let us take into account, that the distance

Fig. 23: Results of continuous model: phase diagram and freeze-frames of
the visualization.

This model can also descr ibe the cr iter ia of

between pendulums in new model is much less than

applicability of Sine-Gordon equation, commonly
Using all that new expression for torque is obtained:

angles of deflection is also much smaller than 1:

used to describe solitary waves in cases, similar to the
given one. Sine-Gordon equation can be obtained by
replacing equation (13) with the following one:

φj - φi = Δφ ‹‹ 1
And, consequently,

sin(φj - φi) = sin(Δφ) ≈ Δφ
The new equation is as follows:

Also we should take into account, that considered
pendulum has 2 neighbors:

Now we should consider the properties of the string.

where A is some coefficient. It is obvious, that this
result is a special case of equation (13). There are 2

M0 = M│x=Δx - M│x = ΔM

possible cases to obtain this expression:

Now let us divide every equation by Δx and use
the main idea of method of limits: every relation
is replaced by partial derivative with respect to x.

and static friction has nature of some constant force, both
of them a defined by the proportion:

Then we have Hook’s law, which says, that for

exactly, the value of hardness coefficient multiplied

cos(φj - φi) = cos(Δφ) ≈ 1- Δφ /2

But since viscous friction is proportional to contact area

pre-condition method), and the results are presented on
Fig. 23:

2

where A and B are corresponding friction constant.

the shape of the soliton at every moment of time.
The equation of solved by method, described above (the

Mgr = -Δmglsinφ

pendulums’ length. That means that difference between
Here ΔI is for moment of inertia for this pendulum.

in real system:

the final partial differential equation to find

1) A n obvious cond it ion to neglect t he pa r t,
responsible for string length:
(14)

Consequently the system is equation is as follows:

First of all, the initial length of the string should have the
where B, μ and d are characteristics of discrete
model, and Δx is “new” distance between pendulums.

(10)

same order with distance between pendulums (otherwise
it will not affect the motion):

(11)
(12)

which gives:
A = kdR2 ( 1 - γ )
2) a condition to neglect all term proportional to γ :
γ ‹‹ 1
with the result:

		

(13)

A = kdR2

(15)
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As you can notice, solitary wave preserves its shape

37
to characterize propagation of waves in any medium,

definition of constant γ should be recalled. First of all,

we have chosen propagation velocity as a characteristic,

both conditions require that

which better describes this process, and investigated

γ‹1

2013 Problem 13 : Honey Coils
Thin liquid rope coiling

inf luence of different parameters on this value. And

Abstract

A

finally, we have managed to create 2 different models,

which means that the initial length of string is

which describe this system from mechanics point of

smaller, that the distance between closest pendulums.

view, as well as wave theory. Also we have considered

Then, condition (14) means, that the difference between

the limitations of a well-known theory applicable for this

phases of 2 neighboring pendulums is small enough:

case, and discussed the physical background for these

finally, the condition γ ‹‹ 1 requires to use string with
almost zero initial length:
l0 ‹‹ d
To conclude this part, it is often thought that widespread models fit everywhere without any remarks
instead of checking it out. This example shows, that every
time developing theoretical model, the author should be
very careful: when taking model invented by previous
researches, he carefully revise all the assumptions made
during the derivation of the model, because they can
sometimes be inappropriate for the case. And if he takes
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his own model, every step should be accurately checked.
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Conclusions
This task illustrates very interesting and rather
complicated phenomenon, which can be met in every
part of physics. It shows that our world is not so simple
to describe, not all phenomena can be theoretically
predicted using already created models.
As for our particular study, we have managed to
create a setup, which can demonstrate such interesting
phenomena. This setup has 2 absolutely different
types of behavior, and both of them were studied and
described. And since there are well-known parameters

often turns itself into circular coils. This phenomenon

was explored and a stream of honey falling vertically from various
heights tends to coil with specific behaviours that are predominantly
influenced by viscous (Fv), gravitational (FG) and inertial (FI) forces.

limitations.
This is the case of linearized equation of motion. And

thin, downward f low of viscous liquid, such as honey,

There is an existence of three distinct regimes of liquid rope coiling,

Finally, we have obtained the following results.

the viscous (V), gravitational (G) and inertial (I) regimes. Coiling in

This system can represent 2 possible types of waves:

these regimes are stable and can be characterized in several ways.

dispersive waves and solitary waves. Properties of these

Recent studies have shown a fourth regime, known as the inertio

motions are absolutely different: dispersive waves are

– gravitational (IG) regime which is a transitional regime between

defined by so cold dispersion relation and solitary waves

the gravitational and inertial regime. Coiling frequencies in this

are stable and not sensitive to small fluctuations – that is

regime are multivalued and unique coiling behaviours are observed,

also defined by medium properties.

such as figure of eight coiling which changes the sense of rotation.
Scaling laws was used to determine the coiling frequency in the
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Introduction
The purpose of this report was to study the motion of a thin,
downward stream of honey which turns itself into circular coils.
In this study, honey with kinematic viscosity (ν), density ρ free
flows out from an orifice of radius a0from various heights (H) at
an approximately steady volumetric flow rate (Q) onto a smooth
flat plate. The radius of the jet directly above the coil portion of
the system is defined as a1, and that the radius of the honey coil is
defined as R. Previous studies developed scaling laws that describe
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To find the physical sense of conditions (14)–(15), the

